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Abstract: The general contribution of this research is the implementation of new
formal type of relative view, which has been added to the Black-Litterman Model
(BLM) for asset management. It is well known that the BLM integrates both historical
data about the assets’ returns and subjective views given by experts and investors.
Such complicated model is expected to give more realistic assessment about the
dynamical behavior of the stock exchanges. The BLM applies both absolute and
relative views about the asset returns. The paper proves that the currently applied
relative views with equal weights are equivalent to assess the risk of a virtual
portfolio with these assets of the view which participate with equal weights. The
paper extends this form of views, applying non-equal weights of the assets. This new
formal description has been tested on a market, containing ten world known indices
for a 10 years period. The calculations which have been provided give benefits to the
suggested non-equal weighted form of subjective views. It gives more conservative
results and decreases the portfolio risk supporting the same level of returns, provided
by the average market behavior.

Keywords: optimization of assets allocation, modeling market behavior, assessment
of portfolio risks and returns, formal description of subjective views.

1. Introduction

The Black-Litterman Model (BLM) is assumed as fundamental and valuable
contribution to the asset allocation management and optimization of financial
investments. The model has been published in 1990 as a report by Goldman Sachs
Company. It combines the results of the portfolio theory and Capital Asset Pricing
Model. For completeness of the BLM one can refer to [1-4]. The idea of the BLM is
to integrate the historical data about the asset returns with subjective views from
experts about the future behavior of these returns. Such combinations of current and
historical data are used for making investment decisions whose results will be seen
in a future period. The integration of historical data with subjective views of experts
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has to elaborate the forecasts for the portfolio and asset returns close to their real
behavior. The BLM combines the subjective investors’ views about their
expectations of asset returns with the current state of the market.

The formal description of the BLM suffers from many parameters which have
to be identified in a quantitative way by means to provide the next portfolio
calculations. The model is not easy for implementation and every attempt to be
applied to real cases is a valuable experience for the portfolio theory.

This research makes an inclusion in the estimation of parameters in BLM. For
completeness of the presentation the BLM is shortly discussed.

2. Presentation of Black-Litterman formal model

The BLM is based on and applies important results to the Modern Portfolio Theory
(MPT) and the Capital Asset Pricing Model (CAPM). The MPT originates from the
work of Markowitz [5-7]. Mean variance optimization problem is defined which
provides optimal solution for the allocation of investment per assets. The formal
optimization problem is defined in quadratic form as

) mu"le(ETW — Achov()W),

wlli=1, w20,
where ET = |Ey, ..., Enl; Ei,i=1,..., n, are the average asset returns; » is the number

of assets in the portfolio; wT = |wy, ..., wy,|, where the component w; is the weight
1

of the investment allocated to asset i, i=1,..., n; [ is unity matrix, | = ; cov()

1

1

1
1lixn
is co-variation matrix which gives values about the relations between each couple of
asset returns (E;, E)), i, j=1,..., n; A € [0; ] is a coefficient which gives the value of
the ability of the investor to undertake risk: for A=0 the investor is willing only to
maximize its return; for A=+oo the investor tries to minimize its risk without
considering the portfolio return.

The component E, = E'w in the objective function (1) gives value of the
portfolio return with the evaluated w°Pt optimal weights of assets.

The component o, = w °Ptcov()w P! is the risk of the portfolio.

For practical usage of problem (1) the investor has to estimate and forecast the
values mean asset returns E;, i=1,..., n, and their co-variances between each couple
of assets. Problem (1) is used in the BLM for the evaluation of the so-called “implied”
assets return, which will be explained below.

An important result from the CAPM [8-13, 19] which is used in BLM is the
relation between the market average return £y, and the weights wy, of the assets which
comprise the market portfolio. The CAPM defines the so-called Market portfolio
which in equilibrium can provide an average return of E,. The market portfolio
contains all risky assets and their weights correspond to the market capitalization wy
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of the assets. Thus, in market equilibrium the values of market return £,, and the asset
capitalization can be numerically estimated. Both these sets of parameters are general
input data for the BLM. Following the relation, given by CAPM between market
return £, and the market weights w (i), i=1,..., n, of the assets; » is the number of
assets in market portfolio; the BLM introduces the so-called implied average return
I1(7) for each asset (Fig. 1).

[ Market

The implied return IT'=(T1,,..., I1,) differs from the average return E; of each
asset. The value E;is a real one which is presented on the market but it is influenced
by noise and random events which take place in the market. The implied return IT; is
theoretically this one which the asset i must have if the market is in equilibrium. Thus,
the difference between E; and I1; has to be assessed and taken into consideration for
the investment process. The BLM applies additional subjective views for the purpose
to estimate the future average asset return E£[R]sL. The BLM estimation E[R]gL takes
in consideration the current state of the market according to the historical data for the
asset average return E = [E}, ..., E, ], co-variances between the assets returns and the
subjective predictions for E[R]sL. The formal relation for the forecast of asset returns
E[R]sLis given by
2 E[RlgL = [(z2)~" + PTQ7'P] [(zX) "' 1 + PTO71Q],
where 7 is the number of assets chosen for the portfolio; & is the number of subjective
views about the future assets returns; 7 is a scalar parameter for tuning the model;
2'is the co-variance matrix evaluated with the historical data about the asset returns;
P is the matrix which defines the type of the subjective views (absolute or relative);
Q is a matrix which defines the noise and inaccuracy of the subjective views; O is a
forecast with values defining how the historical assets returns (which are under
subjective views) will change.

This paper does not consider the way of deriving this relation. For completeness
and theoretical proves of relation (2) one can refer to [15-18]. Following relation (2)
and the appropriate theoretical backgrounds in [16] the main results from the
inclusion of subjective views influence the values of the historical co-variance matrix
from 2 to 2pr, where

I, i=1,...,n

wm (i), i=1,...,n
Fig. 1. Definition of implied return

(3) JpL= 1 +1)2 —22PT(zPZPT + )71PX.
Finally, the new weights for the portfolio are
“4) wgy, = (A2pL) ' E[R]pL.

This paper targets the inclusion of a new type of presentation of the subjective
views. Under consideration will be the definition of matrices P,  and Q. Thus, the
most important BLM formal relation (2) will be in usage.

The next important parameters in (2) concern the formal definition of the
subjective views by P, © and Q.
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3. Definition of the implied asset returns I1

For the definition of the vector of implied returns I1 the BLM applies unconstrained
optimization technique known by the term of “inverse optimization”. The content of
the inverse optimization is based on evaluation of portfolio weights using a utility
function

%) U=wTl- %AWTZ‘W.
The component wTTl is the excess return of the portfolio (portfolio return Ey
reduced the risk free rate P) or
wTll = Ey; — Tf.
The component wTZw is the risk of the portfolio.
The target of the investor is to maximize the utility function (5) by choosing

appropriate weights w of the assets in the portfolio. Formally, this target is achieved
with lack of considerations by the relations

du
6) mu:;le((w)—> #zOzH—AZW),
or
w =X)L

Considering that X' is the co-variance matrix of the assets returns estimated by
historical data and taking the values w=w,, of the market capitalization of returns, the
implied returns are evaluated according to

(7) 1= A2wy,.

In this simple relation the risk aversion coefficient 4 is not estimated. Because
these evaluations concern the market parameters, A must be evaluated for the market
itself. For this case relation (7) is used. Multiplying the both sides of (7) by the vector
w,), it follows

®) w,hTT = Aw,E 2wy,
The left part of (8) presents the excess return of market portfolio or
Ep—L=wkIl
The right part of (8) represents the market risk ,, or
En — L= A0
Hence,
Em—L
©) 2=t

which is not difficult to be evaluated when the market return E,,,, market risk o,, and
the risk free rate L are estimated. Substituting (9) in (7) the values of the implied
return I1, defined and used in BLM are well estimated

(10) n=2"Lsy,

Om
For particular investment cases the values for E,,, 0. are evaluated from the
behavior of financial indices, evaluated for each stock exchange and financial
markets.
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4. Formal presentation of the subjective views

The BLM starts with the evaluation of the implied equilibrium returns. The latter are
evaluated applying reverse optimization (7). The next step of BLM is the definition
of the subjective views and their combining with the implied returns.

Different schemes for subjective views are given in references. An equal
weighting scheme is applied in [18]. The market capitalization of the assets was
chosen in [4] to provide different weights to the views. Market capitalization scheme
has been use in [17] to provide relative weights for each asset in the P by division of
the asset capitalization by the whole market capitalization. As a result the less
capitalization of assets receives smaller relative weights in the matrix of views.

The parameters which are used for the definition of the subjective views are the
matrices P, O, 2 and the scalar 7.

4.1. Definition of matrices P and QO

These two matrices are totally defined by the subjective forecasts about the future
assets returns. For the BLM the subjective views have absolute and relative forms.

o Absolute form: an investor believes that asset 2 will outperform the next year
return with 2.5%. Assuming 4 assets for the portfolio, this view is formalized as

P=10100], Q=125%]|.

For the case of k views P and Q are matrices of dimensions Pjixp, and Qxx1 »
where each row k in P represents next view. Q(k) is the absolute value of the view.
For the illustration case the number of assets is n=4.

o Relative form: an investor believes that the return of asset 2 will outperform
with 2.5% this one of asset 3 for the next year. The relative view is formulated as

P=101-10], Q=][25%|

In position P(3) the value of the view is (—1) which corresponds to the decrease
of view about the return of asset 3. For the case of & views matrix is defined as
PT = |P, P, .. P|, where P;, i=1,..., k, are the individual subjective views.

The BLM assumes that all views P;, i = 1,..., k, are independent and not
correlated. Relative views which contain more than two assets are also applied
[4, 16].

4.2. Definition of matrix

This matrix has to quantify the uncertainty for the views, given by the experts. The
value of the variance of each view will give quantitative assessment of the subjective
views. For simplification, the BLM assumes that all views are independent and
uncorrelated. Thus, matrix £ representing the co-variances between the views will
have diagonal form

w;, O . 0
O= 0 Wy 0 ,
0 0 e Wi

where w; is the dispersion/uncertainty in the i-th view.
For the case w; = 0 the i-th expert has absolute confidence about his view [18].
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The specification of 2 is one of the most difficult tasks in the BLM. The most

used form of Q is [4, 20]

(11) 0 = v x diag(PZPT),

where X' is the co-variance of the asset returns, P is the matrix of subjective views.
Such definition of £2 makes it proportional to the variance of the asset returns.
In [9] this relation is extended in the form

(12) 0= 2 PPT,

where ¢ > 0 is a newly introduced parameter. But in this form £ is not diagonal and
the evaluation of 271 raises computational difficulties. Frequently used value of ¢ is
c=1

In [16] an alternatively developed way of definition of the subjective views is
given. It deals with a new parameter, confidence of view. However its inclusion leads
to the definition and solution of a new optimization problem, which additionally
complicates the utilization of the BLM. This paper will continue with an extension
of the Black-Litterman assumption (11).

Finally, the value of parameter 7 has to be estimated. An extensive analysis of
the role of 7 is given in [14]. The idea of this research is to include the influence of =
for the values of the components of matrix (2. As this paper does not make extensions
for 7, here it is that 0 < v < 1 recommended by [1].

5. Analysis of the matrix Q

Assuming relation (11) for matrix Q let’s find intuitive interpretation of the
components of Q. For simplicity of the research it has been assumed a portfolio with
four assets, n=4. From historical data the co-variance matrix 2 is evaluated. Let’s
assume that two subjective views have been done, k=2

p=|P|_1 0 0 —1|

P, 01 -1 oF
where the first view P; states that asset 1 will outperform asset 4. The second view
states that asset 2 will outperform asset 3.
Following (11) the BLM gives values for Q as

1 0
(13) !2=Txdiag(PZ'PT)=T><diagl|(1) 2 21_(1)||2| 8 _11,
-1 0

where X is a given co-variance matrix

011 012 013 014
021 0O3z2 023 O34
031 032 033 O34f
041 042 043 Oyg

) =

2 is symmetric matrix and
_ . — 2
O-ij_o-jia L,]= 1’ ceey M, O-ii - O-i 5
where o; is the standard deviation for asset i.
After some matrix calculations (13) results in
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w; 0
Q= 0 w,l
(14) w; = T(PyIP]) = 1011 + 044 — 2014],

wy = T(P,EP]) = [0y, + 033 — 203).

For the case when Q is calculated according to (12) the matrix £ is not diagonal
which means that the views are correlated which contradicts the condition for
independence of the views.

The paper makes attempt to interpret relation (14). For that case let’s consider a
new virtual portfolio which contains only two assets.

We assume that these two assets participate in the portfolio with equal weights
w;=w; .The formal relation for portfolio risk with two assets is [21]

Op=Wi0f + Wo05 + 2wiw,075,
where wy + w, = 1; g, is the portfolio risk; o; is a standard deviation for each asset
return, i=1, 2; o012 1S co-variance between the assets returns.

For the case of equal weights

wy=w, =05
the portfolio risk is
(15) ap=0.25(012 + 02 + 204,).

Let’s make comparison between relation (14), defined by the experts’ views and
the theoretical relation (15). Following (14), one can claim that the unknown variation
of the subjective view w; is proportional to the risk of a virtual portfolio which
contains two assets under consideration with equal weights. Because the subjective
view defines an increase of return for the first asset and decreases in forth, as given
inP,=|1 0 0 —1|,theco-variance 014 is negative with value defined from the
historical evaluated variance matrix 2. Hence, the BLM uses for the values w; of the
uncertainty of views £ proportional part of the risk of a virtual portfolio containing
the two assets of the relative view.

Following this result, this research makes an attempt to extend the form of such
virtual portfolio, applying different weights to the assets in the view.

6. New weighted form of the relative views

We assume different weights for the relative subjective views. This means that the

view P; in matrix P will be in the form P =|a; 0 0 —ay| for the case n=4.
The values a; and a, satisfy the normalization equation
(16) las|  + |aa| =1.

The description of P means that the first asset is expected to increase (+a4) and
the forth one has to decrease (—a,). Such modification in P matrix will influence the
value of @ in Q. Using (11) it follows
(17) w; = 7 X diag(PZPT) = t[a?0y1 + a504q — 201 X4041],
because (16) takes place the value wqis proportional to the risk of a new virtual
portfolio containing assets one and four with weights a4 and a,. The virtual portfolio
has negative co-variation g, according to the view P about assets 1 and 4.
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This new formalization doesn’t respect the currently applied constraint for the
sum of views in matrix P to be zero for relative views. Here such constraint is
substituted by the new equation (16) for the modes of the components of the views.

This new form of the subjective view is applied in a research for analyzing 10
world indices of well-known markets.

7. Experiments and application of weighted relative views

The indices of stock exchanges were chosen to enter in a research portfolio as assets
(Fig. 2).

. Stock exchange - Index . Number of companies in the index
Deutsche Borse DAX 30
London Stock Exchange FTSF 100
Hong Kong Hang Seng 50
NASDAQ NASDAQ 100
Tokyo Stock Exchange Nikkei 225
New York Stock Exchange NYSE composite 100
Toronto Stock Exchange S&P/TSX 200
Composite Index

Australian Stock Exchange S&P/ASX 200
composite index

Shanghai Stock Exchange SSE composite 50
index

Bulgarian Stock Exchange SOFIX 15

Fig. 2. Indices, included in the portfolio

The period of investigation is chosen for four years: 2012-2015. The opening and
closing rates were used from public available sources [22, 23]. Particular records for
DAX index can be found in [24].

An illustration for the initial data for the returns is given in Fig. 3. The closing
price is taking into consideration for the next evaluations

DAX
DAX Open Close %
03.08.2015 11295,50 11490,83 1,608
01.08.2015 11050,32 11308,99 3,326
01.07.2015 11462,97 10944,97 —4,108
01.06.2015 11506,84 11413,82 —4,108

Fig. 3. Example of the input data for the asset returns values

The experiments were performed for two periods of two years each (Fig. 4).

T A¢ Bis Bs
— —

2012 2013 2014 2015

Fig. 4. Periods for estimation and prediction
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The periods (2012-2013) and (2014-2015) were divided as Ais =18 months
period and As=6 months period, respectively, Bis and Be. The data, acquired for the
asset returns for A g period are used as historical data for the evaluation of the average
returns E;, risks o; and market capitalization of each index w,, i=1,...,10. Having
data for A period, a subjective view is made applying classical (13) and weighted
(17) forms of relative views. The investments with cases (13) and (17) later are
compared with the real results for average returns according to the period As. Thus,
numerical comparison is done to find benefits from the new form (17) of subjective
views.

Numerical results. Using the initial data defined for each index which plays
role as asset in the portfolio for the period 2014-2015 is shown in Fig. 5. The
calculations are illustrated in the same figure.

The co-variance matrix X, the average returns E;'® the implied returns IT; are
initially evaluated before the application the BLM. For the evaluation of II;, the
market return £, was assumed from the Global Dow index. It integrates the data from
150 companies all over the world. The data for Global Dow index were taken from
[24]. Thus, for relation (9), £, and o, are evaluated. For the value of risk free rate L
the value of LIBOR were considered. The Thomson Reuters Company publishes the
LIBOR value every day. These data are available in [25]. The LIBOR values are used
for their average value used in (9) like parameter L.

The subjective views have been defined also by assessing the differences
between real and implied returns E}® — 138, It is illustrated in Fig. 5 and it is

ER8« — X8y =+0.01322,
which is the maximal differences for all assets. For SSE this difference is
algebraically minimal
E38; — 138 = -0.0063.

COVMAT DAX FTSE Hang-SenjNASDAQ Nikkey  NYSE S&P_TSX S&P_ASE SSE SOFIX

DAX 0.001473 0.000849 0.001542 0.001074 0.001028 0.000892 0.000802 0.000633 0.000868 0.000193
FTSE 0.000849 0.000958 0.001202 0.000735 0.001006 0.000786 0.000613 0.000575 0.000721 0.00023
Hang-Seng 0.001542 0.001202 0.002822 0.000985 0.001341 0.001233 0.001067 0.001227 0.001616 -2.9E-05
NASDAQ 0.001074 0.000735 0.000985 0.001263 0.001212 0.000897 0.000584 0.000415 0.000316 0.000108
Nikkey 0.001028 0.001006 0.001341 0.001212 0.003148 0.001228 0.000521 0.000901 0.000685 -4E-05
NYSE 0.000892 0.000786 0.001233 0.000897 0.001228 0.000898 0.000591 0.000629 0.000443 -2.3E-06
S&P_TSX 0.000802 0.000613 0.001067 0.000584 0.000521 0.000591 0.000646 0.000504 0.000822 0.000379
S&P_ASE 0.000633 0.000575 0.001227 0.000415 0.000901 0.000629 0.000504 0.001174 0.000516 0.000469
SSE 0.000868 0.000721 0.001616 0.000316 0.000685 0.000443 0.000822 0.000516 0.00408 0.0002
SOFIX 0.000193 0.00023 -2.9E-05 0.000108 -4E-05 -2.3E-06 0.000379 0.000469 0.0002 0.002017
Wm, MasapHmnTterna 0.04394 0.03234 0.0363 0.13736 0.1376  0.52163 0.05027 0.02293 0.01102 0.00031
E18 0.017521 0.006573 0.008168 0.01559 0.028641 0.011508 0.001131 0.010016 -0.0038 0.018623
E6 0.031234 0.014276 0.019512 0.034983 0.030505 0.022609 0.019624 0.018482 0.011791 0.015511
Min -0.07348 -0.07266 -0.11684 -0.0719 -0.10274 -0.08069 -0.06341 -0.07285 -0.13969 -0.04475
MAX 0.095037 0.064278 0.106111 0.080107 0.118 0.053437 0.041581 0.050806 0.145956 0.155475
MN,noapasbupawace  0.0043 0.0026 0.0057 0.0043 0.0064 0.0041 0.0027 0.003 0.0025 0.0003
E18-N 0.013221 0.003973 0.002468 0.01129 0.022241 0.007408 -0.00157 0.007016 -0.0063 0.018323

Fig. 5. Co-variance matrix and differences between historical E; and implied returns

These results define that Epax is currently overrated and the investor has to
expect decrease in the average return of DAX, Epax. On the other hand, the SSE asset
is under estimated and one has to expect increase in Ess.
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The presentation of this view in terms of P and Q is made by taking into
consideration both the average E;, II; and the variances o;.
For the case of DAX and SSE the weights in the subjective views are evaluated
as
apax = {I[Epax — Mpax)/opax!/[1[Ep DAX Mpaxl/opaxl| + |[EsSe — Msdel/ogde 1} = 0.78,
asse = {I[Es§e — Msdel/osdel/[I[Ep DAX Mpaxl/opax| + |[EsSe — MsSel/osse 1} = 0.22
Because the expectations are E§,y to decrease and Edg; to increase, the values
in P matrix are
P=|-0,78 0 0 0 0 0O 0 0.22 0,
the numerical values of views: k=1, n, n=10 assets.
The value in Q for this view is assumed to be an increase of SSE by value
Q= |E51§3E —M&:| = |-0.0038 — 0.0025| = 0.0063.
In this paper the BLM was applied both for the classical case with
P=|-1 0 0 0 0 0 0 1 ol
and with the weighted views particularly for this case
P=|-078 0 0 0 0 0 0 022 Ol
Such evaluation was done also for the period (2012-2013).

8. Comparisons of results

Having data for the first 18 months period, the average returns with BLM were
performed with equal weighted views P and weighted P, views presented earlier. The

values of returns with BLM EBLl and EBLl i=1,..., 10, are found for each asset.
For the next 6-months period both the average returns Ef and implied returns

¢, i=1,...,10 have been evaluated. These values were compared to the Ef} ; and E gﬁi,
i=1,...,10. For simplicity of comparison the average values are considered

P 18 _ EP ,18
BLL 10 BLi

Pa 18 _ EPa
BLl 10 BLi

Comparisons were made for the differences

A= ngs — Ef (classical BLM towards average return E?)
A=E P 18 _ Ef (BLM with weighted views towards average return Ef)
Ay= §L18 — ¢ (classical BLM towards implied return I1%)

A= Eg P"‘ 8 _ ¢ (BLM with weighted views towards implied return IT%)

The graphlcal presentation of the results is given in Fig. 6.

The results of Fig. 6 show that the weighted view P, generates conservative
forecasts and the errors for cases A, and A, are lower. These values of the errors for
the classical BLM form of views P, case A; and Az, are higher.
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1.5%

1% |-------=--=-=q-=-==--------
A
o L---____A4 L o __.
0.5% % A, { case Py
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1% Lo UL ____
-1,5%

Fig. 6. Graphical presentation of the comparisons results

9. Conclusions

The classical portfolio theory extends its applications even without the complex
model of BLM [26-29]. But this paper follows the idea of BLM for adding additional
considerations for the assessment of the asset returns. The paper particularly suggests
modification for the expert views in BLM for asset allocation. The equal views in
matrix P have been modified to weighted values P, which gives different preferences
for the increase or decrease of the asset results. It has been proved that this
modification has interpretation of accessing the risk of a virtual portfolio which
contains assets with different weights. This modified weighting view can be used for
the case when subjective views are missing but only historical data are available. For
making a relative view, a couple of assets can be identified using the historical data
and estimating the minimal and maximal deviation of the average returns from the
implied ones. The experimental evaluations give advantages for the weighted views
providing more conservative investment policy in comparison to the classical equal
weighted forms of Black-Litterman views. The evaluated average returns with the
weighted prediction form generate values closer to the real posterior average asset
returns. Such quantitative form of views is recommended for cases with lack of
experts’ assessments and/or for more precise analysis of the historical behavior of the
market dynamics. A continuation of this research will be the usage of newer data
from the stock markets and the application of this new formal description of expert
views for Black-Litterman asset allocation model.
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