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Abstract: In this paper a new structure and a method are suggested for the design 
of a control system with a distributed parameters plant. The discussed system with 
distributed spatial dimensions substantially differs from the control systems with 
concentrated parameters plants, because in it the task of the plant spatial transition 
of the controlled distributed variables is structurally solved. The solution of this 
task is based on the usage of models and filters, included in its structure and an 
algorithm, through which the system has real capability for distributed plants 
control with the desired quality. In the paper a fractal predictive system with 
approximated dimensions of the spatial distribution for control of the transport 
traffic density in highways is designed for a particular numerical example. The 
system model is simulated. The characteristics of the designed system are 
illustrated and analyzed. 

Keywords: Fractional structures with a spatial transition of the projection, 
predictive systems with distributed parameters, fractional approximated dimension 
control. 

1. Introduction 

In the references the robust Smith-predictors with fractal compensators of delay 
(DTC-Dead-Time Compensators) are known [1-6], in which efficiency is achieved 
in the control of plants with a variable delay, where SR NE  is the fractional controller 
(Fig. 1). Possibilities for traffic flow control with robust fractional Smith-DTC 
predictors are shown in Fig. 2. But such a structure is not efficient because it does 
not account for the object management with distributed parameters. The present 
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paper aims at improving the robust Smith-predictive systems by a fractal DTC  
(Figs 1, 2) when applied in the control of plants with distributed parameters. The 
tasks assigned to this paper are to suggest: an improved structure of the robust 
fractal Smith-predictive systems; a method for analytical synthesis of the improved 
system; a numerical example. 
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Fig. 1 

2. Design of the fractional dead-time compensators 

The rational approximation algorithm of the physically realizable DTC-filter NEF  
(1) is projected analytically according to the algorithm for analytical synthesis, 
presented in Table 1. This algorithm realizes a polynomial recursive approximation 
approach for rational approximation of the fractal operator by the criterion 
adequacy of the frequency responses in a predefined range. A new structure is 
suggested (Figs 3-5) of SFF

NE,∇R -system – non-integer order system for highway 
traffic control, substantially different from the system presented in Fig. 2. Similarly, 
herein the controlled distributed value is again the density ( )pii ,ρ  of the vehicle 
traffic in any technologically defined position on the highway. The control value is 
the density ( )0entreeρ  of the traffic on the highway entrance ( )0=x . It is a 
uniquely determined function of the productivity and the number of the operating 
crossing barriers on the highway entrance, denoted by „ ”. Unlike the SFF

NER -system 

(Fig. 2), in the control algorithm and structure of the SFF
NE,∇R -system (Fig. 3), the 

following elements are included: ∗Φ i,SFF -models, ξ -filters ξ
iD , x -filters ,x

iD  and 

by using them, the approximated dimension of the SFF
NE,∇R -system distribution is 

obtained.  
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Fig. 2 
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3. ∗Φ i,SFF -models 

These ∗Φ i,SFF -models (2) correspond to an one-dimensional hypothetic feedback 
system (as the class of the presented in Fig. 2 system) for control of the nominal 
models ∗

iG  of the traffic density at a particular position on the highway (selected in 
accordance with its particular specifics, for example, the input-output ramps) at 
distances iL  from its entrance: 

(1)   ,ˆ appNE
ζ

τ DFF ≡  

(2)   ( ) ,2,1
1SFF

,NE
SFF
NE,,SFF ≥+=Φ

−∗∗∗ iGRGR iiiii  

(3)   ( )

{ } ⎟
⎠
⎞

⎜
⎝
⎛ ⇔

−+
=

=

−

*ˆ

,
1*ˆ1

constGMPM;NE

*2
NENE

NENE
SFF

GR

eFGR

FR
R

S

pS

S

τ  

(4)   

( )

( ) ( )
( )

{ }
,*ˆ;*ˆ

,
1*ˆ1

appNEconstGMPM;app

*2
NEapp

NEappSFF
NE

⎟
⎠
⎞

⎜
⎝
⎛ ⇔≡⇔

−+
=

=

−

GDFFGDI

eFGDI

FDI
R

p

ζ
τ

α

τα

α

 

(5)   
.km6km0;4956.015.0

;km/h 160km/h 0
0   L    

  v f

≤≤≤≤

≤≤

ρ
 

3.1. Initial conditions 
It is considered that a nominal model ( ) ( ) ( )*exp*ˆ* τωωω jjGjG −=  is known 
of the plant with: analytical n-th order model with rational and irrational 
components; cutoff frequency value ∗

Cω ; value of ( )( )∗
c*arg ωjG  – frequency 

response at frequency ∗
cω ; delay of *τ  value in the irrational component 

3.2. Criterion 
The criterion for approximation of ( ) ( )ωω ζ

τ jDFjF =NE  is adequacy of the 

frequency responses of the rational system ( )ωτ jDF ζ
app  and the frequency 

responses of the irrational component of the nominal plant model in the predefined 
frequency range ,ωΔ   
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3.3. Approximation algorithm 
Step 1. The order ζ  of ( )ωζ jDapp  is determined and the time-constant Fτ  of  

τF  on the basis of the relations: 
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Step 2. The frequency uω  of  ( )ωζ jDapp ,  ( ) 1app =ujD ωζ  is determined 

according to the dependence: .20001000 cc
∗∗ ≤≤ ωωω u  

Step 3. After that in parallel the requirements ( )( ) 1loglog −= ληλζ ; 
58.3=λη  are applied and from them the values  of λ  and η  are determined, and 

then by using the values of uω , λ , η , the recursive parameters of the 
approximation  ( )ωζ jDapp  are calculated as follows: 
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Fig. 3 

The complex non-integer-order controllers SFF
,NE iR  (3), (4), (5) in the structure 

of SFF
NE, ∇R  (Figs 3-5) are with zero-dimension of the distribution and in the class of 

Smith-predictors of non-integer order α  with fractal robust DTC-filters iFNE,  are 
designed. 

The filters iEF ,N  approximate rationally, in a restricted frequency range, the 
operators for a fractional-order ζ  see differentiation (6), (7) as fulfillment of the 
requirement (8) for time delay compensation. 

In SFF
,NE iR  (see (9)) the design of the corresponding nominal models ( )piGi ,∗  

(see(10)) at particular plant positions i  for the corresponding distances, the criteria 
vertical profile and adequacy of the frequency responses in a predefined range are 
applied [5]. 
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The input reference value 0ρ  is the same as the main SFF
1NE,R , i = 1 controller, 

like into the rest complex ,SFF
,NE iR  i ≥ 2  controllers in the nominal models ∗Φ i,SFF  

of the control system. The main controller SFF
1NE,R , (the closest to the highway 

entrance) generates the control input ρu  (a concentrated value) to the system at the 
entrance of the highway:  
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4. ξ -filers ξ
iD  

The really measured traffic densities ( )pii ,ρ  at the corresponding positions i  on 

the highway (Figs 3-5) are transformed in scalar values ( )pi
ξρ  by using the  

ξ -filters ξ
iD  (see (11)). 

By their characteristics, the ξ -filters ξ
iD operate as spatial transition of the 

projection. ξ -filters are a core of the control system, which is independent on the 
dimension and the input spatial variable; it depends only on the output spatial 
variable ξ  of the distributed system. They are intended for achievement of 
approximated spatial dimension of the distribution of the controller ( )pR SFF

,NE ∇  to 

the controlled plant ( )pxG ,, ξ . 
On this basis, the ξ -filters ξ

iD  design (see Fig. 5) is made according to the 
values of the time-constants iqT ,  and irT ,  (see (12)) and is realized in accordance 
with (11). 

5. x -filers x
iD  

The differences iΔ  (13) between the ”concentrated” output values ∗
iρ  of the models 

∗Φ i,SFF  (Fig. 3) and the transformed into scalars values ( )pi
ξρ  of the really 

measured, at the corresponding positions i  on the highway, traffic densities 
( )pii ,ρ  form the input variables of x -filters x

iD  (14)  for the approximated 

spatial dimension of the distribution of controller SFF
NE, ∇R  in the control system to 

the plant under control. By its characteristics, x -filters x
iD  operate as “spatial 

transition of the projection”. 
They are the core of the control system, which is independent of the input 

spatial variables, it depends solely and only on the spatial variable x . 
On this basis, x -filters x

iD (Fig. 5) design is made in accordance with the 
values of the time-constants ikT ,  and ilT ,  (15): 
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6. A controller with approximated spatial dimenstion  
of the distribution 

By using the x
iD  outputs 2, ≥∇ ii , additively correcting the reference value 0ρ  

by subtraction of ∑∇  (16), in the SFF
,NE ∇R -system (Figs 3-5) approximated 

dimension of the distribution of the controlling component SFF
,NE ∇R  (controller with 

approximated spatial dimension of the distribution) and of the controlled dynamic 
system (the traffic) is achieved. The controller SFF

,NE ∇R  generates a control input ρu , 
which is concentrated by its nature, and is analytically described by (17)-(22), but it 
detects and efficiently corrects the changes and disturbances in the system with 
spatial distribution of the parameters. This is possible by using the ∗Φ i,SFF -models, 

ξ -filters ξ
iD and x -filters x

iD  in the structure of SFF
,NE ∇R . 
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7. Numerical example, analysis and quantitive estimation of the quality 

In the range of parametric fluctuations (5), the following components are designed: 
● SFF

NE, iR  Smith-predictors of non-integer order α  with fractal robust DTC-filters 

iFNE  of fractal order ζ  according to (9); ● ∗Φ i,SFF -models according to (2);  

ξ -filters ξ
iD  in accordance with (11), (12); x -filters x

iD  according to (14), (15), in 

a general structure (Figs 3-5) of the predictive SFF
NE, ∇R -system with approximated 

dimension of the distribution for traffic control. 
The designed SFF

NE, ∇R -system is modeled. For a particular numerical example 

with mode dependent change of the reference input value 0ρ  to the system and 
disturbance inputs ir , fed simultaneously to five neighbour positions from i up to  

i + 4 at the highway, as results from the simulation of the designed SFF
NE, ∇R -system 

model the following elements are presented in Fig. 6: the corrections 4toup +∇∇ ii , 

generated by SFF
NE, ∇R -system additively with an opposite sign to the input reference 

value 0ρ  from SFF
NE, ∇R  to form the corresponding operating reference 0

∇ρ  to the 

compound controllers SFF
NE, ∇R ; the resulting reference values 0

4
0 toup +ii ρρ  to the 

main and to the compound controllers in SFF
NE, ∇R -system, corresponding to the 

corrections from 4toup +∇∇ ii ; the summarized additive 

4321 ++++∑ ∇+∇+∇+∇+∇=∇ iiiii  correction (16), by which the SFF
NE, ∇R -system 

with approximated dimension of the distribution compensates the disturbances ir  

by using the corresponding corrections in the input reference value 0ρ  to 0
∇ρ ; the 

resulting operative reference value 0
∇ρ  as a result of the summarized additive 

correction ∑∇  to the compound controllers of SFF
NE, ∇R . 

In general, the processes, presented in Fig. 4, illustrate the operational 
“technology” of the SFF

NE, ∇R -system with approximated dimension of the spatial 
distribution. The system (Figs 3-5) realizes partly (and in this sense approximately) 
an equivalent spatial dimension of the SFF

NE, ∇R -controller and of the controlled plant. 
Fully equivalent dimension of the controlled and controlling components of the 
system is unachievable.  
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Fig. 6 

The main responses of the SFF
NE, ∇R -system with approximated dimension of the 

spatial distribution (Figs 3-5), through results from the model simulation, are 
presented in Figs as follows: 

● in Fig. 7 – the step response ( )ςρ ,ti  of the traffic density in the closed-loop 

system ( )ς,SFF
NE, t∇Φ , including the nominal ( )ti

∗ρ  of the step input reference 

45.00 =ρ , with load ir  with a positive and negative sign, applied separately to the 
positions in the highway at distances 2nd, 3rd, 4th, 5th and 6th  kilometer from the 
entrance;  

● in Fig. 8 – the step response ( )ςρ ,ti  of the traffic density in the closed-

loop system ( )ς,SFF
NE, t∇Φ , including the nominal ( )ti

∗ρ , with a mode dependent 

change of the reference 0ρ , simulating the peak traffic modes, with load ir , 
applied separately to the positions in the highway at distances 2nd, 3rd, 4th, 5th and 
6th  kilometer from the entrance;  

● in Figs 9, 10 – the step response ( )ςρ ,ti  of the traffic density in the 

closed-loop system ( )ς,SFF
NE, t∇Φ , including the nominal ( )ti

∗ρ , of the step input 

reference 45.00 =ρ , with variable load ir , applied simultaneously to the positions 
in the highway at distances 2nd, 3rd, 4th, 5th and 6th kilometer from the entrance;  

● in Fig. 11 – the step response ( )ςρ ,ti  of the traffic density in the closed-

loop system ( )ς,SFF
NE, t∇Φ , including the nominal ( )ti

∗ρ , with a mode dependent 

change of the reference input value 0ρ , simulating peak traffic modes, with 
variable load ir , applied simultaneously to the positions in the highway at distances 
2nd, 3rd, 4th, 5th and 6th kilometer from the entrance; 

● in Fig. 12 – the step response ( )ςρ ,ti  of the traffic density in the closed-

loop system ( )ς,SFF
NE, t∇Φ , including the nominal ( )ti

∗ρ , with a mode dependent 
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change of the reference input value (input signal) 0ρ  in the described conditions 
for the possible fluctuation in the initial conditions. 
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8. Conclusion 
The claims of this first part of the research are expressed by the suggested new 
structure (Figs 3-5) of the non-integer order SFF

NE, ∇R - system for control of the plants 
with distributed parameters (highway traffic) and analytical synthesis of the 
improved system. Examination of the basic characteristics, estimation of the 
applicability and analysis of the efficiency of non-integer order SFF

NE, ∇R -systems are 
an object of the second part of the present elaboration. 
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