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Abstract: The problem of constructing a data table which satisfies available
knowledge, is one of the most important problems in the field of knowledge
discovery and data mining. Based on some results in relational database theory, in
this paper we introduce an algorithm to construct a decision table which satisfies a
given relation scheme. In the worst case, the time complexity of the proposed
algorithm is exponential in the number of attributes.
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1. Introduction

In the consistent decision table DS :(U,Cu{d},v, f), an attribute set B is

called a reduct of C if B is a minimal set which satisfies the functional
dependency B — {d} In relational databases, if r is a relation over an attribute set

R then an attribute set B is called a minimal set of an attribute ae R if B is a
minimal attribute set which satisfies the functional dependency B —>{a}.

Therefore, when the decision table DS = (U ,Cu{d}V,f ) can be considered as
the relation r over the set of attributes R=C v {d} , the concept of reduct in DS is
equivalent to the concept of minimal sets of the attribute {d} over r. Given a

relation scheme S=<R,F > over an attribute set R:Cu{d}, we have to
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construct the decision table DS =(U ,C u{d},V, f) such that the set of all its

reductions is equivalent to the family of all minimal sets of the attribute d over s.
This problem can be considered as the problem for constructing a data table which
satisfies available functional dependencies. This is one of the most important
problems in the field of knowledge discovery and data mining.

In this paper, we introduce an algorithm to construct a decision table from a
given relation scheme. The algorithm is constructed based on some results
concerning keys, antikeys and minimal sets of an attribute in [1, 2, 9]. In the worst
case, it shows that the time complexity of the algorithm is exponential in the
number of attributes. The paper is structured as follows. Section 2 presents some
basic concepts in relational database and rough set theory. Section 3 proposes some
basic algorithms in relational databases. Section 4 comes up with an algorithm to
construct a decision table from a given relation scheme.

2. Basic concepts

2.1. Basic concepts of a relational database

In this section we briefly present the main concepts of the theory of relation
database which will be needed in sequel. The concepts and facts given in this
section can be found in [1-4, 8, 9].

Let R= {ai, an} be a finite set of attributes. For each attribute a; there is a
nonempty set D(ai) of possible values of this attribute. An arbitrary finite subset
of the Cartesian product D(a,)x...x D(a, ) is called a relation over R. Clearly, a
relation over R is a set of mappings h: R — UR D(a), where h(a)e D(a) forall
aeR. N

Let r={h,.,h,}be a relation over R={a,..,a,}. A functional

dependency (FD for short) over R is a statement of the form A — B, where
ABcR. FD A—>B holds in a relation r over R if

(vh.h er)((vae A)(h(a)=h;(a))=(vbeB)(h (b)=h;(b))).  Let
F={(AB):ABcRA->B}, F

r

is called a full family of functional

dependencies in r. Let R be a finite set and denote by P(R) its power set, we say that
F is an f-family over Riiif forall A,B,C,DcR:

(1) (A A) e F,

) (A B)eF,(B,C)e F=(AC)eF,
(3) (A, B) e F, AcC, DcB = (C, D) e F,
(4) (A,B) e F, (C,D) e F = (AUC, BUD) e F.
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Clearly, F, is an f-family over R. It is known that if F is an arbitrary f-family

over R, then there is a relation r such that F. = F . F"is the set of all FDs which
can be derived from F by rules (1)-(4).
A relation schema s is a pair < R, F >, where R is a set of attributes and F is a

set of FDs on R. Denote A" = {a € R‘A—) {a}e F*} . A" is called the closure of

Aons. Itisclearthat A—> BeF"iifBc A". Letr be arelation, s=<R,F >
be a relation scheme and Ac R. Then A is a key of r (a key of s) if

A—> R(A—> Re F*). A is a minimal key of r (s), if A is a key of r (s) and any
proper subset of A is not a key of r(s). Denote by K, (KS) the set of all minimal
keys of r(s). K = P(R) is a Sperner-system if for any K,,K, eK implies
K,z K,. Clearly, K, (K,) are Sperner-systems.

Let K be a Sperner-system over R as the set of all minimal keys of s . We
defined the set of antikeys of K, denoted by K ™, as follows:

K*={AcR:(BeK )= (B A)} andif
(ACC):>(EIBE K )(BgC).

It is easy to see that K 1 is the set of subsets of R, which does not contain the
elements of K and which is maximal for this property. They are the maximal non-
keys. Clearly, K ™ is also a Sperner-system.

Let r be a relation over R. Denote E, = {Eij 1<i< j< |r|} , Where

E, = {a eR:h(a)=h, (a)} . Then E, is called an equality set of r. It is known

[4] that forA =R, A" =nE;, if there exists E;eE, :AcE;, otherwise

A’ =R In the next content we introduce some definitions about the family of all
minimal sets of an attribute over a relation and a relation scheme.
Definition 1 [2]. Let s =(R, F) be a relation scheme over R and a e R . Set

Kas:{AgR:A—){a},,ZfB:(B—>{a})(BcA)}. K ® is called a family of

a

minimal sets of the attribute a over s.
Similarly, we define the family of minimal sets of an attribute over a relation.
Definition 2. Let r be a relation over R and aeR. Set

K/ ={AcR:A—{a}, ABCR:(B—{a})(B< A)}. K. is called a family
of minimal sets of the attribute a over r.
It is clear that ReKS ReK, {a}eK {a}eK, and KS, K, are

a
Sperner systems over R.
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2.2. Basic concepts of rough set theory
In this section we introduce some basic concepts in rough set theory [5, 6, 7]

A decision table is defined as DS = (U ,Cu{d}V, f ) in which
U ={u,,u,,...,u, }is the finite & non-empty set of objects, C ={c,,C,,...,C,,} the
set of condition attributes, D is the set of decision attributes and CD =,
V = H V, where V, is the value range of the attribute a, f :U x(C U D) —V is

aeCuD
an information function, where YaeCuD,ueU, f (u,a) €V, hold. Without

loss of generality, suppose that D consists of the only one decision attribute d (in case
D consists of many attributes then we assign an attribute to D by encoding).

Therefore, from this time we consider the decision table DS = (U ,C u{d } V., f ) ,
where {d} ¢C.

Every attribute subset P — C U D determines an indiscernibility relation

IND(P):{(u,v)eU xU|vaeP, f(ua)=f (v,a)}.

IND(P) determines a partition of U which is denoted by U / P . Any element
[u]P = {v eU ‘(u,v) € IND(P)} in U /P is called an equivalent class.

With BcC and X cU, B-upper approximation of X is the set
BX = {u eU ‘[U]B NX # @} , and B-lower approximation of X is the set

BX = {u eU ‘[U]B - X}, and B-boundary of X is the set BN, (X):§X \BX
and B-positive region of D is the set POS, (D)= U (BX). A decision table DS

XeU/D
is consistent iif POS.(D)=U, in other words the functional dependency

C—){d}is true. Conversely, DS is an inconsistent decision table and
then POS, ({d}) is the maximum subset of U that the functional dependency

C — {d} istrue.

In rough set theory, Pawlak [5] proposes the definition of a reduct, called
the reduct based on a positive region.

Definition 3. Let DS :(U,Cu{d},V, f)be a decision table. If B C

satisfies

1) POS,; (D) =POS, (D),

2) VbeB, POSBf{b}(D) # POS, (D) then B is called a reduct of C.

If DS is a consistent decision table, B is an attribute reduction of C if B
satisfies B—{d} and VB cB, B'%{d}. Let RED(C) be the set of all
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reducts of C. From Definition 2 and 3 we have RED(C) =K —{d} where K is

the family of all minimal sets of the attribute {d } over r=<U,Cu{d}>.

3. Basic algorithms in relational database

Let us give some basic algorithms in relational database that are used in the next
section.

3.1.  Algorithm for finding the set of antikeys

Algorithm 1 [1, 9]. Finding the set of antikeys K ~*from a given Sperner-
system.

Input: Let K ={B,,..., B,,} be a Sperner-system over R.

Output: K .

-1

Step 1. We set K, = {R—{a}:aeB,}. Itis obvious that K, ={B,}

Step g+1. (q<m). Assume that Kq = Fq U{Xl,..., th} , where X,,..., th are
elements of K containing B,, and F :{Ae Ky: Bqﬂg/A}. For all

i(i =1,...,tq) we construct the antikeys of {Bq+1}on X, in an analogous way

asK, , which are the maximal subsets of X; not containing B_,, . We denote them

by Ali,...,Aii.Let
Ky =F, U{A 1 AeF, = A @ Al<i<t, 1<p<rf.

q+1

g+1

Finally, let K * =K

Clearly, because K and K ™ are uniquely determined by one other, the
determination of K ™, based on our algorithm does not depend on the order of
B,..B

m:*

m*

Computational complexity analysis of Algorithm 1
Denote by |, the number of elements of K,. According to [1, 9], the time
m-1
complexity of the algorithm in the worst case is O(|R|2 thuq] where u, =1, —t, if
gq=1
I, >t, and ug=1if I, =t

q-
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Remarks

Remark 1. In each step of the algorithm, Kq is obviously a Sperner-system. It
is known [1, 9] that the size of an arbitrary Sperner-system over R can not be
greater than C"4 ~ 2742 (H.n” 2) where n=|R|. Consequently, the worst-case
time of the algorithm can not be more than exponential in the number of attributes.

Remark 2. In cases for which 1 <I (Vg:1<q<m-1), the time

g—"m

complexity of the algorithm is not greater than O(|R|2 K HK ‘1‘2). Thus, in these

cases the algorithm finds K ™ in polynomial time in |R[,|K| and |K |_1.

Especially, when |K |,|K |7l is small, this algorithm is effective.

3.2.  Algorithm for finding the family of all minimal sets of an attribute over a
relation scheme.

Algorithm 2 [2]. Finding a minimal set of the attribute a.
Input: Let s = (R ={a,,...a,}, F) be a relational scheme, a = {a,}.

ey Ay

Output: A € K’.

Step 1. We set L(0)=R.

Stepi+l. L(i+1)=L(i)-a,, if L(i)-a,—{a},

L(i+1)=L(i) otherwise.

Then A=L(n).

According to [2], the computational complexity of Algorithm 2 is O(|R|2 | F|)

Algorithm 3 [2]. Finding a family of all minimal sets of the attribute a.
Input: Let s =(R, F) be a relational scheme and a < R.

Output: K.’.

Step 1. Set L(1) =, ={a}.
Step i+1. If there are C and A—B such that
Cel(i),A>BeF,VEeL(i) :EéAu(C—B) , then by Algorithm 2 construct

an E,, where E,, c AU(C-B),E,; eK;. We set L(i+1)=L(i)UE,. In

the converse case we set K =L (i).
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It is known [2] that the worst-case time complexity of this algorithm is
OIRIIFIK.| (Rl + k.

)) Thus, the time complexity of this algorithm is

polynomial in |R|,|F| and ‘K;

. According to Algorithm 3.1, the worst-case time
of the algorithm cannot be more than exponential in the number of attributes.
Clearly, if the number of elements of K, for a relational scheme s :(R, F) is

polynomial in the size of s, then this algorithm is effective. Especially when ‘K;’ is

small.

4. Algorithm for constructing a decision table from a relation scheme

Problem. Given a relational scheme s =<R,F > where R=C u{d} and F is the

set of functional dependencies over R. We have to construct the decision table
DS:(U,Cu{d},V,f) such that RED(C)=K, —{d} where K/ is the

family of all minimal sets of the attribute d over s and RED(C) is the set of all

reducts of C in DS.
Algorithm 4. Constructing a decision table from a relation scheme.

Input: Let s=<R,F > be a relation scheme, where R=C U{d} and F is
the set of functional dependencies over R.
Output:  The  decision table DS :(U ,C u{d},V, f)such that

RED(C)=K; —{d}.
Step 1. From s =< R, F >, using Algorithm 3 we calculate K.

-1
Step 2. From K, using Algorithm 1 we calculate M , = (de) . We assume

that M, ={AA,... A}.

Step 3. We construct the decision DS:(U,Cu{d},V, f) where
U ={uy,U,....u}, as follows:

e ForallceC,weset uy(c)=0. Setu,(d)=0.

e Foralli(i=1,..t),wesetu(c)=0if ceA; u(c)=i otherwise. Set
u (d)=i forall i(i=1..,t).

In the next content, we prove RED(C) =K —{d}.

P r o o f: According to the method to construct the relation r we have
E,=A, where 2<i<t+1 and E;=A;nA; where 2<i<j<t+l, so
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E;=E,NE, or E;, cE;,E; cE; where 2<i< j<t+1. Therefore, the set
M ={E;:1<i<t+1} has the property {VAeM — ABeM :Ac B}.
According to the definition of a maximal equality system M . over r, we have
M, ={E;:2<i<t+1}. Hence

5) M, =M, =(KS) ={A A A

In the next content, we prove M | :(Kdr )_1where K4 is the family of all
minimal sets of the attribute d over r.

1) For Ae M, we have A" = A, and A does not contain d so A" does not
contain d, hence A— {d} & F". Moreover, if there is a B such thatAc B,

according to the method to calculate the closure of an attribute set over a relation
we have B =R and B*contains d, or B —> {d} e F". According to the results in

[2],
(Ks) " =MAX(F.d)
where
MAX(F',d)={AcR:A—>{d}gF",AcB=B—>{djeF'},

-1
so we conclude Ae (Kdr )

2) Conversely, if Ae (Kdr )_l then obviously A= R. If there is a B such that
AcB and A— B, then by the definition of antikeys we have B — {d}and
A— {d } This is a contradiction. So there does not exist a B such that A c B and

A— B, thatis, A" = A holds. Moreover, according to the definition of antikeys
too, if there exists B =R such that Ac B, then B —{d} or {d}<=B".

Therefore, A is the maximal set which satisfies A= A" and A does not contain d
(i). On the other hand, over the relation r constructed for any BeM . we have

B=R, B =B"and B does not contain d. If there is a D such that BcD then D* = R
or {d}c D". Therefore, M _ is the set of all maximal sets B which satisfies

;
B =B" and B does not containd (ii). From 1) and 2) we can conclude AeM ..
From 1) and 2) we obtain

©) M, =(K¢)

r
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From (5) and (6) we have (K/ )71 =M, =(K; )71, or K/ =K, . From the
results of Definition 3 we have RED(C) =K —{d}.

Computational complexity analysis of Algorithm 4:

It is easy to see that the time complexity of Step 1 computing K is the time

complexity of Algorithm 3. The time complexity of Step 2
-1

computingM ; = (de) is the time complexity of Algorithm 1. Consequently, the

worst-case time of the algorithm cannot be more than exponential in the number of
attributes.
Example 1. Let S=<R,F> be a relational scheme, where

R={ab,c,d},C={ab,c} and the set of functional dependencies
F :{{a,c}—>R,{a}—>{a,b,d},{b,c}—>{b,c,d}}.
Using Algorithm 3, we compute K’ = {{a},{d},{b,c}} .

-1
Using Algorithm 1, we compute M, = (de) = {{b}{c}} .
As a result, the consistent decision table DS is constructed in Table 1.

Table 1

U
Uo
U
up

Nk |o|>
NO|O|T
(=) Sl el el
N[O

5. Conclusion

Based on some results concerning keys, antikeys and minimal sets of an attribute of
J. Demetrovics and Vu Duc Thi in [1, 2, 9], we propose an algorithm to construct a

decision table DS = (U ,C u{d},V, f )from a given relation scheme s=<R,F >
where R=C u{d} . We prove that the set of all reducts in the obtained decision
table is equivalent to the family of all minimal sets of the attribute {d} . In other

words, the functional dependencies B, — {d} must be satisfied over s where B, is

an attribute reduct of C. In the worst case the time complexity of the algorithm is
exponential in the number of conditional attributes. The problem of constructing a
decision table from a given relation scheme can be considered as a problem of
constructing a data table which satisfies available knowledge. This is one of the
important problems in the field of knowledge discovery and data mining.
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