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Abstract: This study proposes an algebraic approach for formal representation of
Market Basket (MB) model. In a more generalized model by taking into
consideration the quantity of items in transactions and by using tools of lattice
theory we reconsider well-known problems and show an explicit representations of
frequent MBs, basic frequent MBs and association rules. As straightforward
consequences, the algorithms to find them are presented.
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1. Introduction

Great efforts have been made to discover the informations hidden in the customer
transactions. The study of customer Market Baskets (MB) and mining the
association rules are important in various applications, for example, in decision
making and strategy determination of retail economy [1]. In those studies the
market baskets (transactions) are often considered as sets of items purchased by
customers. Discovering of large itemsets and association rules attracts the interest
of researchers. One can notice that in these studies the researchers are interested in
the set of items (e.g. bread, milk, ...) purchased by customers in the super market,
and did not care of the quantity of each item. However, it is interesting also if we
know not only that 70% of customers buy bread and milk, but we know also 50% of
customers buy 1 kg bread and 2 1 milk, while 1% of customers buy 10 kg bread and
1 1 milk. Similar example can be found for association rules. The meaning of
quantitative analysis of transactions is evident.
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In this study we introduce a quantitative analysis of transactions and
association rules of transactions. The quantitative analysis may reveal informations
hidden in the transactions. We are interested not only in the statement “90% of
customers who buy bread and milk also purchase butter”, but in the statement “90%
of customers who buy 1 kg bread and 2 1 milk also purchase 0.5 kg butter”. By
dealing with the quantity of items our setting is somehow different of those in
previous studies (see [1]). That is why instead of itemsets (see [1]) we use market
baskets or transactions. The main advantage of this approach is that all transactions
can be examined as elements of a lattice with natural partial order. So the lattice-
theoretic methods can be applied for transactions examination.

2. A generalized setting for Market Basket Model

For a finite set of items P ={p,,P,,...,P,} we consider a MB as a tube
a=(a[l],a[2], ...,a[n]), where a[i]e N is the quantity of p; in the basket « .
The set of all MBs is denoted by €2.

For a, feQ where a=(a[1], a[2],...,a[n]), B=(p[1], B2],.., B[n]) we
write ¢ < g if for all i=1,2,..,n we have a[i] < f[i]. (Q,<) is a lattice with
the natural partial order <. For a set A < €2 we denote

UA)={aeQ|VBecA:f<a},
LA ={aeQ|VpecA:a<lp}.
We denote also
sup(A) = {acU(A)[2 peU(A): f< af,
inf(A) = {aeL(A) |2 feL(A): a< B}.

One should remark that sup(A) and inf(A) are single elements of €2, namely
sup(A)=ueQ, where Uu[i] = max{d[i]lacA} and inf(A)=veQ, where
V[i] = min{fi]|acA}.

Foraset AcC Q and a € Q) we denote by
[{f e Ala< B}

| Al
the support of & in A. In word, supp,(e) denotes the rate of all market baskets

supp (@) =

that exceeds the given threshold & (in the form of a sample market basket) to the
whole A. The support of an market basket is a statistical index and naturally, the
market baskets of more support are of more significance and attract the attention of
the managers, as well as of the researchers.

One can notice that an item P; (discused in other studies, see, for example,

[1]) in our study should be identified with U (¢;), where «; = (a[1], ¢[2],..., a[n]),
alk]=0 if k #i and a[i]=1. We should not confuse p, with ¢;.

For a,f e€Q where a=(a[1],a[2],...,a[n]) and g =(p[1], AI2],..., BIN])

we write y=a U if y[i]=max{ei], gli]} for all i=1,2,..,n. We call
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o — [ an association rule of £ to « . By the confidence of & — £ in a set of
MBs A we understand the rate
suppa(@ Y f)

supp (@)

As remarked in [1] the support of MBs is a kind of statistical index, while the
confidence of association rules is a measure of their “strength”.

conf(a— f) =

3. Frequent Market Baskets

For a set AcQ, aeQ and 0<&<1 we say that  is &frequent MB, if

suppa(@) = €. The set of all efrequent MBs is denoted by @. We have the
following
Apriori Principle. Foraset AcQ, o, €Q and 0<¢<1,if a <f and

[ is e-frequent then « is efrequent.
Example 1. Consider a set of items P ={a,b,c} and a set of transactions
A={a, p,7,0}, where «=(2,1,0), g=(1,1,1) , y=(1,0,1), 6=(2,2,0). One

can see that for o=(1,1,0), n=(1,2,0) we have suppA(o-)=% and

1
supp A(77) :% . For the threshold ¢ = E the &-frequent MBs of A are:

1
®2={(2,1,0),(1,0,1),(1,1,0),(2,0,0),(0,0,1),(0,1,0),(1,0,0),(0,0,0)}.
Let us denote
O =1 €eQ|3a, ay,...,a, € Aras{a,a,,..,a}}

One can remark that if K<I then ®,, o®,, and ®,=®,,, where
k=le | A |—| denotes the smallest integer that is greater or equal to €| A|.

We have the following
Theorem 1. For a set of items P ={p,, p,,..., P}, a set of MBs Ac Q) and

a threshold 0 <& <1 an MB a €2 is ¢-frequent iff there exist «;, @,, ..., € A
such that o € L({¢,, @5, ..., &, }), where k = [e]All.

Proof: If there exist «, @;, ..., o, €A, k=r5|A\—|, such that
ael({a,ay,....,0}) then a < for all i=1,2,..k, ie.,

[BeAla<pl, k
[Al [Al
Vice versa, if supp,=¢ then |{feA|la<p}z¢.|A|, ie. there exist

supp (@)=

a, o, a, €A, K =r5| A|—| , such that ael({a,,a,,...,a,}). The proof is
completed.
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By the Theorem 1 we have the following
Algorithm 1 (Creating all &frequent MBs of a given set of transactions A).

Input. Set of items P, set of MBs A < Q and a threshold 0 < g <1.
Output. @%.
Step 1. 4 :=O.
Step2. k=[e|All
Forall BC A, |B|=k
@2 = D% UL(B)

EndFor;
End
Let |[Pl=n, k=[e|All, m=max{cai]jaecAi=12,.,n}. The

algorithm requires O((LA‘ )(m + l)n ) running time.

As a consequence of the previous theorem we have the following
Theorem 2 (Explicit representation of large MBs). For a set of items
P={p;, Py,--» Py} @ set of MBs AcC Q and a threshold 0 <& <1 there exist

a,,ay,...,0, €Q, where S = (lfljmﬂ) such that

D = OL(ai).
Proof: Let «,a,,..,a, be tlllel set of all inf{f,f,,..., 5} where
k=[¢|All and S, € A. By Theorem 1 we have
ae®y S ainf({f, Ly, b))
for some {B,,0;,... <A, where k= [& | A |—| This implies that
D, = U;L(ai) . The proof is completed.
We should remark that o; < «; iff L(e;) < L(«;). Foraset of MBs A and a
given threshold & the set of MBs ¢, «,, ..., a, for which
i) @%=|J L@
(i) Vi, j:0<i, j<s wehave a; £ ¢; and a; £ ¢,

is called by basic e-frequent set of MBs of A. It is easy to verify that for a given
A, ¢ the basic e-frequent set of MBs of A is unique, which we denote by Sj.

Since the determination of @ (the set of all &frequent set of MBs in A) is

important, it is interesting to determine its basic &frequent set of MBs S;. We
have the following
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Theorem 3. For a set of items P, a threshold 0<&<1 every set of MBs
A c Q has an unique basic &-frequent set of MBs Sj.

The simple proof is omitted. The following algorithm creates the unique basic
efrequent set of MBs for a given set of MBs A < Q and a given threshold &:

Algorithm 2 (Creating the basic e-frequent set of MBs S3).

Input. Set of items P, Set of MBs A< Q and a thershold 0 < g <1.
Output. Sj.
Stepl. Sp:=O.
Step 2. k=[¢| Al
For BC A, |B|=Kk
For o € S}
If a <inf(B) or inf(B) <« then
S :=Sx \{min(e, inf(B))} U {max(e, inf(B))}.
else
Sa =S, u{inf(B))}.
EndIf
EndFor
EndFor
End
For |P|=n, k =|_8| A|—|, m=max{e[i]|[i=1,2,..,n;ax € A} one can see
that | Sy [< (‘kAl) Therefore the algorithm requires O((‘kAl)mn) running time. One can

remark also than in the case of large amount of transactions A the basic &-frequent
set of MBs Sj can be generated much more quickly than the set of all &-frequent

set of MBs @,
Example 2. We continue the Example 1. For the set of transactions A

1
Algorithm 2 generates the basic %—frequent set of MBs S} ={p, 9}, where

1
p=02,1,0), 8=(1,0,1). It means that the family of E -frequent set of MBs of A

1
is ®2 = L(p)UL(®).
4. Association and confidence

In our generalized model of market baskets we can find all associations with given
confidence. For a set of items P, a set of MBs A < Q and a threshold 0 < &<1 an
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association @ — f is e-confident if conf,(a — f)=¢. The set of all & -confident

associations of A is denoted by C,. We have the following
Theorem 4. For a set of products P a set of MBs AcC Q and 0<¢<1 an
IlU(aeu )N A > .

association @ — [ is e-confident iff

[U(a)n Al
Proof: Remark that suppA(auﬂ)=|U(ak|JAﬂ|)mA| and
supp (o) = % . With these remarks the proof of the theorem is
straightforward.

A natural question for cross marketing, store layout, ...(see, for example [1]) is
to find all association rules with a given confidence. In our generalized model the
following theorem shows in a sense an explicit representation of all association
rules. More exactly, we show for a given MB « which set of MBs £ may be
associated to @ with a given threshold of confidence.

For MBs p, o where p < o, let us denote

M(p, o)=ineQlpun<o;

It should be remarked that M (p,0) can be represented explicitly. If
p=(p, P .-y ps), o=(01, O3, ..., Gs) then 1= (11, 1, ..., 1) € M(p, o) iff
max(p;, 7;) forall i=1,2,...,s, ie., 1, =0o; inthe case p, £ o; and 7; < o; in the
case p, = 0.

Theorem 5 (Explicit representation of association rules). For a set of items
P={p,, Py,- Pn}, @ set of MBs AcQ, an MB a€Q and a threshold

0<e<1 there exist a,,a,,....a, €Q such that VS e Q:a— f is econfident
_ . K
association rule iff g e UHM (a, ).

Proof: Put s=[&|U(a)nA|l by Theorem 4 we have that & — 3 is
&-confident association rule iff |U (e U f)N A|=S. Let ¢; denotes inf(B), where
Bc A, |B|>s. One can verify that |U(auU )N A>s iff feM(a,q;). The
proof is completed.

Theorem 5 in a sense gives an explicit presentation for association rules. As a
straightforward consequence, we have an algorithm to find all &-confident
association rules for given left side.

Algorithm 3 (Creating all e-confident association rules o — g for
given a).

Input. A set of items P, a set of MBs Ac Q, a thershold 0 <& <1 and
an MB «

output. | J' M(a. ).
Stepl. B:=U(a)nA={yeAla<y}.
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Step2. s:=l&|B|I.
k:=[{Cc BJC[zs}]
For Cc B, |C|>s, calculate ¢; =inf(C), i=1,2,....k.

EndFor
Step 3.

For i=1,2,...,k calculate M (e, ;)
EndFor

Step 4.
output | J* M (a,at).

End
Example 3. We continue the Example 1. For the set of MBs A (see

1
Example 1), the MB ¢ =(1,1,0) and threshold ¢ = E we should find all MB 77

such that o —>7n is &confident association rule. We can see
U(e)nA={(2,1,0),(1,1,1),(2,2,0)} and s:=|e|U(a)nA|l=2. By Step 2
in Algorithm 3 we have k=4 and o, =(1,1,0), a, =(2,1,0). The set of all MBs

1 L .
n suchthat o = 7 is 5 confident association rule is

M(o, ) VM(o,a,)={(1,1,0),(1,0,0),(0,1,0),(0,0,0),(2,1,0),(2,0,0)}.
As a result we see that besides the trivial association rules of the form
o—> o', where ¢'<o we got non-trivial association rules o —(2,1,0) and

o —(2,0,0). In words, among those customers A the ratio of customers who buy

a and b also buy two a and one b items, as well the ratio of those who buy a
and b also buy two @ items, are more than 50%.

5. Conclusion

In this study we have proposed an algebraic approach to consider the MB model.
The well-known problems are analysed in new, more generalized setting. An
explicit representation of frequent set of MBs, as well of association rules are
presented. We define the set of basic frequent MBs which determines the set of
frequent MBs and can be created in shorter time. We described algorithms that
produces the set of frequent MBs and the set of basic frequent MBs. We described
also an algorithm that produces the set of association rules for a given left side. The
algebraic approach we propose here brings about a clearer representation of well-
known results and appears to be a good tool for future study in market basket
model.
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