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Abstract: We analyse and compare the effectiveness and the accuracy of the 
existing methods for estimating the sensitivity of the solution to the nonlinear matrix 
equations QAXAX =± −1* . Object of the analysis are the perturbation bounds 

concerning equations QAXAX =± −1* , as well as the methods related to the 

estimation of the sensitivity of the solution to the equations QAXAX ts =± −*  for 

the particular case, when 1=s , 1=t .  We examine the behaviour and the 
reliability of the bounds, proposed in nine sources, through experiments with nine 
non-trivial numerical examples in both real and complex cases. 
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1. Introduction and notations 

Consider the non-linear matrix equations  
(1)  X+A*X–1A=Q, 
and 
(2) X–A*X–1A=Q, 
where A and Q (Q > 0) are nn ×  complex or real matrices, and A* stands for the 
complex conjugate transpose of A in the complex case and for the transpose of A in 
the real case. The relatively wide field of application of the equations determines 
the interest of the researchers in the existence of a positive definite solution and its 
sensitivity in terms of conditioning and perturbation bounds. In 2001 S h u-F a n g 
X u  [13] using his earlier conclusion for well conditioning, obtains a perturbation 
bound for the maximal solution of the matrix equation (1) and a computable bound 

                                                 
1 This work was supported by the Bulgarian Academy of Sciences under Grant No 010093/2010. 
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for approximate solutions. Subsequently, R a n and R e u r i n g s [11] give 
perturbation bounds for the more general matrix equation QAXAX =+ ∗ )(F , 

where F( X)  is a map from P(m) into P(m) or –P(m), P(m) is the set of all m×m 
positive semidefinite matrices; J i-G u a n d S u n and S h u-F a n g X u [12] propose 
perturbation bounds and explicit expression of the condition number for (1); 
K o n s t a n t i n o v et al. [7], H a s a n o v and I v a n o v [4], and H a s a n o v [2] 
evaluate perturbation bounds for equation X ± A*X–1A = Q; H a s a n o v and 
I v a n o v [3], I v a n o v  [6], B o n e v a et al. [1] derive perturbation bounds for 
equations X ± A*X–nA = Q; J i n g L i and Y u h a i Z h a n g  [9] obtain explicit 
expression of the condition number for the unique positive definite solution, as well 
as evaluate perturbation bound and backward error of an approximate solution of 
equation X – A*X–pA = Q; X i a o y a n Y i n et al. [14] propose perturbation estimates 
for the matrix equation  X + A*X–tA = Q. Usually the authors present their estimates 
as “new” [6, 4, 14, 2], “sharper” [12, 9], “improved” and they illustrate their 
arguments by numerical examples. As it is pointed out in [8] a perturbation bound 
should be rigorous in the sense that its domain of applicability should be defined 
and therefore known in advance, it should be sharp or exact in some sense and if the 
bound is too pessimistic for some cases, this should be clearly stated.  

In [10] an experimental analysis of the effectiveness and the reliability of the 
existing perturbation bounds for the real and the complex generalized matrix 
equation XS + σA*X–tA = Q, σ = ± 1, when s or t, or both are greater than 1, is given. 
The experimental analysis is based on four examples, applied for eight different 
cases of this equation: σ = +1, s = 1, t = –2; s = 2, t = –2; s = 2, t = 3; s = 3, t = 2 
and σ = –1, s = 1, t = –1/2; s = 2, t = –3; s = 1, t = 3/4; s = 1, t = 1/3. The models are 
taken from the two preferred by the authors examples for effectiveness analysis of 
perturbation bounds for this equation. Among the bounds considered in the paper, 
the bound superior with respect to closeness to the estimated quantity and 
comprehensive application is pointed out. The observed bounds properties hold true 
for problems belonging to the class of the experimental models used. 

As noted, historically equations (1) and (2) enjoyed considerable interest by 
the researchers and there are several perturbation bounds proposed in the literature 
now. In this paper, we intend to classify existing perturbation bounds for equations 
(1) and (2) and to indicate areas of features and applications of the different bounds. 
By means of numerical experiments, we present a comparison analysis of the 
perturbation bounds for the matrix equations (1) and (2) proposed in [2-4, 6, 7, 9, 
12-14] in sense of applicability and effectiveness. For the experiments we choose 
the examples proposed by the authors themselves for projection the properties of 
their own bounds. As the examples, except for the proposed in [7], relate to the field 
of real numbers and matrices, for the purpose of completeness, in the experiments 
we also include a modification of the examples for the case of complex 
perturbations in the coefficient matrices of equations (1) and (2). The computations 
are carried out on a PC with 2.61 GHz Pentium Dual-Core and machine epsilon       
ε = 2.2×10-16 using MATLAB (MATLAB is a trade mark of MathWorks). Section 2 
is devoted to the brief description of the perturbation bounds, object of our analysis. 
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For sake of convenience, the original notations are used. In Section 3, the numerical 
examples are described and the results are listed.  

Throughout the paper we use the following notations: R, and C – the sets of 
real and  complex numbers, respectively; I – the identity matrix; In – the identity 
matrix of order n; 

2
)(vec nA C∈ – the column-wise vector representation of the 

matrix nnA ×∈C , where 1×= nn CC ;  ]),([ BlkABA =⊗  – the Kronecker 

product of the matrices )],([ lkAA =  and B; 
22

2
nn

n
×∈RP – the so called vec-

permutation matrix, such that )(vec)(vec 2
T YY nP=  for each nnY ×∈C ; ⋅  – a 

unitary invariant norm; ⋅ 2 – the Euclidean vector or the spectral matrix norm; ⋅ F 

– the Frobenius norm; 2A=α , 
2

1−= Xζ  and 

⎥
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E . The notation 

“:=” stands for “equal by definition”. 

2. Perturbation bounds 
Consider the perturbed non-linear matrix equations  
(3)  QAXAX ~~~~~ 1 =+ −∗ , 
and 
(4) QAXAX ~~~~~ 1 =− −∗ , 

where AAA δ+=
~

 and QQQ δ+=
~

, 0~
>Q  are the matrix coefficients in (1) and 

(2) perturbed  with small perturbations Aδ  and Qδ , respectively. The perturbations 

in the coefficients lead to a perturbation in the solution XXX δ+=
~

, if it exists. 
We consider the perturbation bounds for equations (1) and (2) proposed by 

H a s a n o v [2], H a s a n o v and I v a n o v [3] and [4], I v a n o v [6], 
K o n s t a n t i n o v et al. [7], J i n g L i and Y u h a i Z h a n g [9], S u n and X u [12], 
S h u-F a n g X u [13] and Y i n, L i u and F a n g [14]. 

2.1. The bound of S h u-F a n g X u  [13] 

Theorem 2.1.1 (Theorem 3.1 from [13]). Let A, Ã, Q, nnCQ ×∈
~

 with Q and 

Q
~

 Hermitian positive definite. If   

(5) 
2
1

2
1

2 <−QA , 
1

2
1

2
1

22 2
1

2
1~ −−− ⎟

⎠
⎞

⎜
⎝
⎛ −<− QQAAA ,  

1

2
1

2
1

22 2
1~ −−− ⎟

⎠
⎞

⎜
⎝
⎛ −≤− QQAQQ , 
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then the maximal solutions X and X
~

 of the matrix equations (1) and (3) exist and 
satisfy that  

(6) .est:
~~

2
1

1
~

xu01a
2

2

2

2

2
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2

2 =
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⎛ −
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−
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A
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QAX

XX
 

The bound estxu01a is an elegant perturbation bound which calculation does not 
require knowledge of the solution to the perturbed (3) or the unperturbed (1) 
equations. 

Theorem 2.1.2 (Theorem 3.3 from [13]). Let X
~

 approximate the minimal 

solution X of the matrix equation (1). If  
2
1

2
1

2 <−QA  and 

( ) ,~~2~
2

11

2

1 −−∗− +≤ AXAXX  and the residual ( ) QAXAXXR −+= −∗ 1~~
:

~
 

satisfies that ( ) 1

2
1

2
1

22 2
1~ −−− ⎟

⎠
⎞

⎜
⎝
⎛ −≤ QQAXR , then 

(7) 
( )

.est:
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≤
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2.2. The bound of  J i-G u a n d S u n and S h u-F a n g X u [12] 
Let X be the maximal solution of (1), L be the linear operator LZ=Z – B*ZB, W be 
the operator WZ = L-1(B*Z+Z*B), where B=X-1A. Denote 2B=β , W=w , 

11- −
= Ll , 21 A

l
AwQ

l
δζδδε ++= , ( )[ ] AA

l
d δβζδαζ

++= . 

Theorem 2.2.1 (Theorem 2.1 from [12]). If ( )( )
⎭
⎬
⎫

⎩
⎨
⎧ +−

<
l

d βαζβ1,1min  and  
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( )( )

( ) ( )( )[ ]
( )( )[ ] ,
1

11,
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222

2

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
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⎥⎦
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⎢⎣
⎡ +++++

−
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dl
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ε  

then the perturbed matrix equation (3) has the maximal solution X
~

, and moreover, 

(8) 
( ) ( ) ( )

.est:
411

2~
sunx03222

=
+−−++−+

≤−
βεζζεζε

ε

lldldl

lXX  

2.3. The bounds of  K o n s t a n t i n o v et al. [7] 
The bounds apply to both equations (1) and (2). Rewrite equations (1) and (2) in the 
equivalent form  
(9) QAXAX =− −∗ 1σ ,  σ = ± 1. 
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Denote ( ) ( )11
2

−∗Τ− ⊗+= XAAXIL
n

σ , ir iMMLM 11
1

1 +=−= −: , 

⎥
⎦

⎤
⎢
⎣

⎡ −
=

ri

ir

MM
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M
11

110
1 , ( )( ) irn iMMXAILM 2121

11
21 +=⊗−= −∗−σ: , 

( ) irnn iMMIAXLM 2222
11

22 2: +=⎟
⎠
⎞⎜

⎝
⎛ Ρ⎟

⎠
⎞⎜

⎝
⎛ ⊗−=

Τ−−σ , 

⎥
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⎢
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⎡
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=
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M
22212221

212222210
2 , [ ]00

klmM = , 
2

000
lkkl MMm Τ=   

for k, l = 1, 2, [ ] [ ]ΤΤ == FF21 QAddd δδ . 

• Local bound 
The local bound is  

(10) [ ]{ } ( ) konpap03a
20

22
0
2

0
1F est:,,min =+< dOdMddMMX Tδ ,  

• Non local bound 

Let 2
22

0
1konpap03a0 est dM + :=a ζ , 2

2122111 dadaa +=: , 
2
222221202 dadaaa ++=: ,  
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⎠
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⎝
⎛ ⎟

⎠
⎞⎜

⎝
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11
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2
1
012 ζMa =: , 

( )
2

13
20

∗Τ− ⊗= AALa ζ: , ( ) ( )
2

113
21 2: ∗−Τ− ⊗+⊗= AILΡIALa nnnζ , 

3
2

0
122 ζMa =: . 

If Ω∈d , where  
(11) ( )( ){ }112:: 12001

2 ≤−++−∈=Ω + aaaaad ζζR ,  
then the non-local perturbation bound konpap03bF est≤Xδ is valid for equation (9), 
where  estkonpap03b  is determined by 

(12) 
( ) ( )( )120

2
0101

0
konpap03b

1411

2:est
aaaaaaa

a

−+−+−++−
=

ζζζ
. 

2.4. The bound of  H a s a n o v and I v a n o v [3] 

Consider the unperturbed and the perturbed matrix equations 
(13) QAXAX t =− −∗σ ,  

(14) QAXAX t ~~~~~
=− −∗σ . 

Theorem 2.4.1  (Theorem 6 from [3]). For σ = ± 1 let X and X
~

 be positive 
definite solutions of the matrix equations (13) and (14), respectively. If 

( )∑
=

+−− >−=
t

k

tkk AXAX
1

2
1

2
01

~~
ε , then 
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(15) ( )[ ] .est:~~1
hasi04a22222 =++≤ −− AAXAXQX tt δδ

ε
δ  

Theorem 2.4.2  (Theorem 7 from [3]). For σ = ± 1 let X and X
~

 be positive 
definite solutions of the matrix equations (13) and (14), respectively. If 

( )∑
=

+−− >−=
t

k

tkk AXAX
1

2
1

2
01

~
η , then 

(16) [ ]2
222222 21 AXAAXQX tt δδδ

η
δ −− ++≤

~~~
:=esthasi04b. 

Corollary 2.4.1  (Corollary 8 from [3]). For σ = –1 let X and X
~

 be positive 
definite solutions of matrix equations (13) and (14), respectively. If 

( )∑
=

+−− >−=
t

k

tkk
AXQA

1
2

1

2

1
2 01

~
η , then 

(17) ( ) ⎥⎦
⎤

⎢⎣
⎡ ++≤ −

2222

1
22 2~1 AAAQQX

t
δδδ

η
δ :=esthasi04c. 

Corollary 2.4.2  (Corollary 9 from [3]). For σ = – 1 let X and X
~

 be positive 
definite solutions of matrix equations (13) and (14), respectively. If 

∑
=

−+−− >−=
t

k

ktk
QQA

1

1

2
1

2

12
2 01

~
η , then 

(18) ( ) ⎥⎦
⎤

⎢⎣
⎡ ++≤ −

2222

1
22 21 AAAQQX

t
δδδ

η
δ

~
:=esthasi04d. 

Theorem 2.4.3 (Theorem 10 from [3]). Let nnQQAA ×∈C~
,,

~
, and QQ

~
,  be 

positive definite matrices and σ = –1. If 0
1

2
1

2 >−−=
+− t

QA
t
tθ , 

( )( )1 2

2
12

111 +
−

−−≤− t

Q
QQ θ

~
, 

( )
θ1

2
1

1

2
1

2 +−

+−−
<− t

t

Qt

Qtt
AA

~
, then 

equations  (13), (14) with σ = – 1 have unique positive definite solutions X and X
~

, 
respectively. For these solutions it is satisfied that 

(19) ( ) ⎥⎦
⎤

⎢⎣
⎡ ++≤ −

22

1
2222 21 AQAAQX

t
δδδ

η
δ

~
:=esthasi04e. 

Theorem 2.4.4 (Theorem 11 from [3]). Let X be a positive definite solution 
of the matrix equation (12) with σ = –1 and let X

~
 approximate X, so that 

0>− −∗ AXAX t ~~~~
. 

If 0~1
2

1

1

2
1

2 >−= −

=

−+−∑ AXQA k
t

k

kt
ν , then 
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(20) 
22

1 QAXAXX t −−≤ −∗ ~~

ν
δ :=esthasi04f. 

2.5. The bound of I v a n o v  [6] 

Denote the linear operator 1

1

0
−−

−

=

∗∑−= kt

t

k
k ZBBZLZ σ: , ( ) AXB k

k
1+−=  and the 

operator  ( ) ( )( )AXZZAXLWZ tt −∗∗−− += 1: . Denote W=w , 
11- −

= Ll , 

21 A
l

AwQ
l

t

δζδδε ++= , ( )AA
l

d
t

δαδζ
+=

+

2
1

, 

( ) ( ) ( )12222 411
2

+∗
+−−++−+

=
tttlltdtltdtl

l
ζαζεζεζε

εν . 

Theorem 2.5.1 (Theorem 2.1 from [6]). Let X be a positive definite solution 
of (13) with σ = – 1. Assume that  

(i) the operator L is invertible, 

(ii) 
t

d 1
< , 

(iii) 
( )

( )( )121212

2

22
11

+++ +++++

−
≤

ttt tltdtltltdl
tdl

t ζαζαζαζ
ε . 

Then the perturbed equation (14) with σ = – 1 has a positive definite solution 
X
~

 and  
(21) ∗≤νδX :=estiva05a. 

Theorem 2.5.2 (Theorem 2.3 from [6]). If 
( )

0
1

1

2
1

21 >−
+

=
+−

+

t

t

t

QA
t

tθ , 

then there exists a unique positive definite solution X of (13) with σ = – 1 and the 

solution has the property 
2

1

2

1 1 −− +
< Q

t
tX . If  

(i) the operator L is invertible, 

(ii) 
( )

( )[ ] ⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

+

−+
<

+

+−

+

θαζ
lQt

tt
t

d
t

t

tt 1

1

2
1

1

1

1
;1min  for 

2

1−= Xζ ; 

(iii) 
( )

( )( )121212

2

22
11

+++ +++++

−
≤

ttt tltdtltltdl
tdl

t ζαζαζαζ
ε ; 

(iv) 
2

11
1

−

∗

+
<

−
Q

t
t

ζν
ζ

 for 
2

1−= Xζ ; 
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(v) ( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
−

−+
⎟
⎠
⎞⎜

⎝
⎛ −−<

−
∗+

−

2
1

1 2

2
1

111;111min
Qt

t
Q

Q t

ζ
ζνθδ , 

then there exists a unique positive definite solution XXX δ+=
~

 of the perturbed 

equation (14) with σ = – 1. For the solution it is fulfilled that 
2

1

2

1 1 −− +
< Q

t
tX

~~
; 

and  
(22) ∗≤− ν

F
XX
~

:=estiva05b. 

Theorem 2.5.3 (Remark 2.2 from [6]). From Theorem 2.1 the authors get a 
first-order perturbation bound for the solution X: 
(23) ( ) iva05c

2 est:,~
=+≤− QAOXX δδε  as 0→Aδ , .0→Qδ  

Theorem 2.5.4 (Theorem 2.4 from [6]). Let X be a positive definite solution 
of (13) with σ = 1. Assume that  

(i) the operator L is invertible, 

(ii) 
t

d 1
< , and 

(iii) ( )
( )( )121212

2

22

11
+++ +++++

−
≤

ttt tltdtltltdl

tdl
t ζαζαζαζ

ε . 

Then the perturbed equation (14) with σ = 1 has a positive definite solution X
~

 
and  
(24) ∗≤νδX :=estiva05d. 

Theorem 2.5.5 (Theorem 2.5 from [6]). If 0
1

2
1

2 >−=
+− t

QA
t
tθ , 

then there exists a unique positive definite solution X of (13) with σ = 1 and the 
solution has the property QX ≥ . If  

(i) the operator L is invertible, 

(ii) 
( )

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛
−

<
+

+−

+−

θαζ
lQt

Qtt

t
d

t

t

t
1

1

2
1

1

2
1

;1min , 
2

1−= Xζ ; 

(iii) 
( )

( )( )121212

2

22
11

+++ +++++

−
≤

ttt tltdtltltdl
tdl

t ζαζαζαζ
ε ; 

(iv) ( ) ⎟
⎠
⎞⎜

⎝
⎛ −−≤ +

−
1 2

2
1F 111 t

Q
Q θδ , 
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then there exists a unique solution XXX δ+=
~

 of the perturbed equation (14) 

with σ = 1. For the solution it is fulfilled that QX
~~

≥ ; and 

(25) ∗≤− νXX
~

:=estiva05e. 

2.6. The bound of H a s a n o v  and  I v a n o v [4] 

Theorem 2.6.1 (Theorem 2.1 from [4]). Let A, A
~

, Q, nnQ ×∈C~
be 

coefficient matrices for matrix equations (1) and (3). Let  

,QXAXb δ
2

12

2

11 −− +−= .
2

2

1

2

12 AXAAXQc δδδ −− ++=  

where X  is the maximal positive definite solution of equation (1). If  

(26) 1
2

1 <− AX  and 
( )

2

1

2

2

11
2

−

−−
≤+

X

AX
QA δδ , 

then 04
2

12 ≥−= −XcbD , the perturbed matrix equation (3) has the maximal 

positive definite solution X
~

 and 

(27) .est:
2 hasi06a

2
1

=
−

≤
−X

DbXδ  

Theorem 2.6.2 (Theorem 3.1 from [4]). Let A, A
~

, Q, nnQ ×∈C~
be 

coefficient matrices for matrix equations (2) and (4). Let 

,QXAXb δ
2

12

2

11 −− +−=  .
2

2

1

2

12 AXAAXQc δδδ −− ++=  where X is 

a unique positive  definite solution of equation (2). If  

(28) 1
2

1 <− AX  and 
( )

2

1

2

2

11
2

−

−−
≤+

X

AX
QA δδ , 

then 04
2

12 ≥−= −XcbD , and the positive definite solutions X and X
~

 of the 

respective equations (2) and (3) satisfy 

(29) .est:
2

hasi06b

2
1

=
−

≤
−X

DbXδ  

2.7. The bound of J i n g L i  and  Y u h a i  Z h a n g [9] 

Consider the matrix equation (13) with σ = 1. Let ( )AAk ∗= maxλ , ( )AAk ∗= minλ , 
( )Qq maxλ=  and ( )Qq minλ= , and the pair ( )βα ,  be the solution of the 

system tkq −+= βα , tkq −+= αβ . 
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Theorem 2.7  (Theorem 3.1 from [9]). Assume that A, A
~

, Q, nnQ ×∈C~
with 

Q and Q
~

 being positive definite. Let ( ) 2
121 Qtqt tt δαβαββε −+ +−+= , 

23

2

4
Qt

t δα
αβ

εζ −= . If 2
2
22 AAA −+≤ ζδ , then 

(30) liz0922
2

2 est:
~

=+≤
−

QA
X

XX
δϖδξ , 

where 
( )
( )( )

2222
32

22

24

22

QAAA

AA
tt δαδδβαεε

βδ
ξ

++−+

+
=  and  

( )( )2222
32 24

2
QAAA tt

t

δαδδβαεε
βαϖ

++−+
= . 

2.8. The bound of  Y i n,  L i u,  F a n g [14]  

Consider the unperturbed and the perturbed matrix equations  
(31) QAXAX ts =+ −∗   
and  
(32) QAXAX ts ~~~~~

=+ −∗ . 
Let ( )AAk ∗= maxλ , ( )AAk ∗= minλ , ( )Qq maxλ=  and ( )Qq minλ= , 

s
t

st
tQx ⎥⎦

⎤
⎢⎣
⎡

+
=∗ )(minλ , 

s
t

st
tQx ⎥⎦

⎤
⎢⎣
⎡

+
=∗ )~(~

minλ  and the pair ( )βα ,  be the solution of 

the system tkq −+= βα ,  tkq −+= αβ . 
Theorem 2.8.1  (Theorem 3.1 from [14]). Let  

(i) 0
2

1
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−
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Q
Q

2

2
12 111 θδ , 

(iii) θδ

s
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s
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t

s
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Q
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<
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2 . 

Then equations (30), (31) have unique special Hermitian positive definite solutions 
XL and LX

~
, respectively. Moreover, 
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(33) ( )2
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Theorem 2.8.2  (Remark 3.1 from [14]). Let  
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 into (33), 

the authors obtain a weak estimate 

(34) ( ) yinlf09b
2
F2F2FF est:2 =++≤ −− AXAAXQX t

L
t

L δδδξδ . 

Moreover, since [ ]IIX L 21 ββ ,∈ , then tt
LX −− ≤ 12

β , and 212
AAX tt

L
−− ≤ β , 

the authors obtain another weak estimate 

(35) yinlf09c
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2
FF2
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⎟
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⎜
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⎝
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+≤ t
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QX

β
δδ

δξδ ,  

where β1 and β2 are the maximal positive solutions of the equations 
0)()( maxmin =+− ∗+ AAxQx tts λλ  and 0)()( minmax =+− ∗+ AAxQx tts λλ , 

respectively. 

Theorem 2.8.3  (Theorem 3.2 from [14]). Under the assumptions of Theorem 
2.8.1, the unique special solutions XL and LX

~
to the matrix equation (31) and (32) 

exist, and  
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Theorem 2.8.4  (Remark 3.2 from [14]). Similar to Theorem 2.8.2, the 
authors get a weak estimate: 
(37) ( )( ) yinlf09eF2121FF est:~~

=++≤ −− AAAQX tt δββδηδ ,  

where β1 and 1β
~  are the maximal positive solutions of equation 

0)()( maxmin =+− ∗+ AAxQx tts λλ  and 0)~~()~( minmax =+− ∗+ AAxQx tts λλ , 
respectively and  

.
/~~

1,~/~~
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1

22
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22
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+
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−
∗

tsts xAAtxsxAAtxs
η  

2.9. The bound of  H a s a n o v [2]  

Theorem 2.9.1  (Theorem 2.3 from [2]). Let A, A
~

, Q, nnQ ×∈C~
 (Q > 0, Q

~
 > 0) 

be coefficient matrices for matrix equations (1) and (3) , P is a positive definite 
matrix. We assume that equation (1) has a positive definite solution and XL is its 
maximal solution. Let 

2
11

L
−−= APPXα , 

2
1

L PPX −=β , 

1121 −−+−= QPPb δβα , 
2111111 2 −−−−−− ++= APPAPPQPPc δβδαδ . 

If 1<α  and 
( )

β
αδδ

2
1111 12 −

≤+ −−−− QPPAPP , then D = b2 – 4 c β ≥ 0, the 

perturbed matrix equation (3) has the maximal positive solution LX~  and 

(38)  has10a
2
2 est:

2
=

−
≤

β
δ DbPX . 

Theorem 2.9.2  (Theorem 2.4 from [2]). Let A, A
~

, Q, nnQ ×∈C~
 (Q > 0,    

Q
~

 > 0) be coefficient matrices for the matrix equations (2) and (4), and P be a 

positive definite matrix. Let 
2

11 −−= APPXα , 
2

1PPX −=β , 
1121 −−+−= QPPb δβα ,  

2111111 2 −−−−−− ++= APPAPPQPPc δβδαδ . If 1<α  and 

( )
β
αδδ

2
1111 12 −

≤+ −−−− QPPAPP , then D = b2 – 4 c β ≥ 0 and 

(39)  has10b
2
2 est:

2
=

−
≤

β
δ DbPX . 

These bounds esthas10a and esthas10b are very simple and easy for calculation, but their 
existence is associated with the choice of an appropriate positive definite matrix P. 
The authors propose to choose P = Q1/2. The lack of a general rule for the choice of 
the matrix P is a restriction for the application of the bound.  
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3. Experimental results 
Denote the ratio of the perturbation bounds to the estimated value as follows:  

2

2xu01a
~

est
:xu01a

XX

X

−
= , 

2
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F
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F
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= . 

Consider the unperturbed and the perturbed matrix equations (1) and (3), 
respectively. 

3.1. Example 1  
The model from Example 5.1 in [12] is used. Consider the nonlinear matrix 

equation (1) with coefficient matrices ⎥
⎦

⎤
⎢
⎣

⎡
=

00
0 a

A , ⎥
⎦

⎤
⎢
⎣

⎡
=

10
01

Q , where 0 < a <1, 

and a maximal solution ⎥
⎦

⎤
⎢
⎣

⎡
−

= 210
01
a

X L . Take  a = 0.5 – 10–k, and suppose that 

the perturbations in the coefficient matrices are 910
4860.02311.0
6068.09501.0 −×⎥

⎦

⎤
⎢
⎣

⎡
=Aδ , 

810
2877.07701.0
7701.04326.0 −×⎥

⎦

⎤
⎢
⎣

⎡ −−
=Qδ . The relative condition number, obtained by Sun 

and Xu in [12] is 1.3198. This means that the solution XL of the equation is well-
conditioned. The perturbed equation (3) is a discrete-time algebraic matrix Riccati 
equation [5]. But the perturbed matrix coefficient QQQ δ+=

~
 is not symmetric 

and the MATLAB’s discrete-time algebraic matrix Riccati equation solver dare can 
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not be used for obtaining the solution X
~

 to the perturbed equation (3). Hence the 
perturbation δX in the solution and the perturbed solution X

~
 are unknown. We can 

only consider the bounds, whose computation does not need this information. The 
perturbation bound in the solution is estimated by the bounds estxu01a (6), estsunx03 
(8), estkonpap03a (10), estkonpap03b (12), estiva05a (21), estiva05b (22), estiva05c (23), esthasi06a 
(27), estyinlf09b (34), estyinlf09c (35), estyinlf09e (37) and esthas10a (38). The numerical 
results on the absolute perturbation bounds in terms of Frobenius norm, except for 
the bound estsunx03, which concerns the spectral norm of the perturbation in the 
solution, are listed in Table 3.1.1. The cases when the conditions of existence of a 
bound are violated are denoted by an asterisk. The cases when the matrix P = Q1/2 
used by esthas10a (38) is not appropriate are denoted by hyphen. 

Table 3.1.1. Example 1, a = 0.5 – 10–k, real case 
k 9 7 5 3 1 

estxu01a (6) * 1.3779 × 10-1 1.3779 × 10-3 1.3784 × 10-5 1.4389 × 10-7 
estsunx03 (8) 2.5580 × 10-8 2.5580 × 10-8 2.5580 × 10-8 2.5578 × 10-8 2.5463 × 10-8 
estkonpap03a (10) 1.4815 × 10-8 1.4815 × 10-8 1.4814 × 10-8 1.4806 × 10-8 1.4009 × 10-8 
estkonpap03b (12) 1.4815 × 10-8 1.4815 × 10-8 1.4814 × 10-8 1.4806 × 10-8 1.4009 × 10-8 
estiva05a (21) 2.5580 × 10-8 2.5580 × 10-8 2.5580 × 10-8 2.5578 × 10-8 2.5463 × 10-8 
estiva05b (22) * 2.5580 × 10-8 2.5580 × 10-8 2.5578 × 10-8 2.5463 × 10-8 
estiva05c  (23) 2.5580 × 10-8 2.5580 × 10-8 2.5580 × 10-8 2.5578 × 10-8 2.5463 × 10-8 
esthasi06a (27) 1.7754 × 10-8 1.7754 × 10-8 1.7754 × 10-8 1.7754 × 10-8 1.7754 × 10-8 
estyinlf09b (34) * * * * 3.6988 × 10-8 
estyinlf09c (35) * * * * 3.6294 × 10-8 
estyinlf09e (37) * * * * 3.6988 × 10-8 
esthas10a  (38) 5.2978 × 10-9 5.2978 × 10-9 5.2980 × 10-9    5.3179 × 10-9 7.2982 × 10-9 

The results listed in Table 3.1.1 show that bounds esthas10a (38) of H a s a n o v 
[2], estkonpap03a (10) and estkonpap03b (12) of K o n s t a n t i n o v et al. [7] give the 
lowest values.  

The bound estxu01a (6) is an a priori estimate, since for its calculation it is not 
necessary to know the solutions X and X

~  of the unperturbed and the perturbed 
equation, respectively. But, as it is seen, it exhibits quite strange behaviour, 
although the conditions (5) of existence are fulfilled.  

Let us now modify the model and take the perturbations in the matrix 

coefficients as 910
4860.02311.0
6068.09501.0

)1( −×⎥
⎦

⎤
⎢
⎣

⎡
+= iAδ  and 810

2877.07701.0
7701.04326.0

)1( −×⎥
⎦

⎤
⎢
⎣

⎡ −−
+= iQδ , 

where i is the imaginary unit. The results are shown in Table 3.1.2. 

Table 3.1.2.  Example 1, a = 0.5 – 10–k, complex case 
k 9 7 5 3 1 

estxu01a (6) * 3.4539 × 10-2 3.4540 × 10-4 3.4608 × 10-6 4.3174 × 10-8 
estsunx03 (8) 1.7804 × 10-9 1.7804 × 10-9 1.7804 × 10-9 1.7803 × 10-9 1.7723 × 10-9 
estkonpap03a (10) 1.7666 × 10-9 1.7666 × 10-9 1.7666 × 10-9 1.7631 × 10-9 1.4133 × 10-9 
estkonpap03b (12) 1.7666 × 10-9 1.7666 × 10-9 1.7666 × 10-9 1.7631 × 10-9 1.4133 × 10-9 
estiva05a (21) 1.7804 × 10-9 1.7804 × 10-9 1.7804 × 10-9 1.7803 × 10-9 1.7723 × 10-9 
estiva05b (22) * 1.7804 × 10-9 1.7804 × 10-9 1.7803 × 10-9 1.7723 × 10-9 
estiva05c  (23) 1.7804 × 10-9 1.7804 × 10-9 1.7804 × 10-9 1.7803 × 10-9 1.7723 × 10-9 
esthasi06a (27) 2.3555 × 10-9 2.3555 × 10-9 2.3555 × 10-9 2.3555 × 10-9 2.3555 × 10-9 
estyinlf09b (34) * 4.4436 × 10-3 4.4169 × 10-5 4.4210 × 10-7 4.9073 × 10-9 
estyinlf09c (35) * 4.4436 × 10-3 4.4168 × 10-5 4.4122 × 10-7 3.9259 × 10-9 
estyinlf09e (37) * 8.8545 × 10-3 8.7778 × 10-5 8.2997 × 10-7 4.9073 × 10-9 
esthas10a  (38) 7.2856 × 10-10 7.2856 × 10-10 7.2857 × 10-10 7.3001 × 10-10 8.1886 × 10-10 
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Here for the different values of the parameter k the bounds estxu01a, estiva05a, 
estyinlf09b, estyinlf09c and estyinlf09e are not constant in their sharpness. The bound 
esthas10a,, followed by the bounds estkonpap03a and estkonpap03b, is the most effective one. 

Take now a = 0.99 and suppose that the perturbations in the coefficient 

matrices are kA −×⎥
⎦

⎤
⎢
⎣

⎡
= 10

4860.02311.0
6068.09501.0

δ , kQ −×⎥
⎦

⎤
⎢
⎣

⎡ −−
= 10

2877.07701.0
7701.04326.0

δ . The 

relative condition number in this case is 2.892, therefore, the solution XL remains 
well-conditioned. The results are listed in Table 3.1.3. 

Table 3.1.3. Example 1,  a = 0.99, real case 
k 10 9 8 7 6 

estxu01a (6) * * * * * 
estsunx03  (8) 5.4420 × 10-10 5.4420 × 10-9 5.4424 × 10-8 5.4462 × 10-7 5.4844 × 10-6 
estkonpap03a (10) 4.2685 × 10-10 4.2685 × 10-9 4.2685 × 10-8 4.2685 × 10-7 4.2685 × 10-6 
estkonpap03b (12) 4.2688 × 10-10 4.2708 × 10-9 4.2914 × 10-8 4.5230 × 10-7 * 
estiva05a (21) 5.4428 × 10-10 5.4502 × 10-9 5.5270 × 10-8 6.6861 × 10-7 * 
estiva05b (22) * * * * * 
estiva05c  (23) 5.4420 × 10-10 5.4420 × 10-9 5.4420 × 10-8 5.4420 × 10-7 5.4421 × 10-6 
esthasi06a (27) 1.8494 × 10-8 1.8501 × 10-7 1.8579 × 10-6 1.9441 × 10-5 * 
estyinlf09b (34) * * * * * 
estyinlf09c (35) * * * * * 
estyinlf09e (37) * * * * * 
esthas10a  (38) – – – – – 

Let the perturbations in the matrix coefficients be chosen as 
kiA −×⎥

⎦

⎤
⎢
⎣

⎡
+= 10

4860.02311.0
6068.09501.0

)1(δ , kiQ −×⎥
⎦

⎤
⎢
⎣

⎡ −−
+= 10

2877.07701.0
7701.04326.0

)1(δ . The 

results are shown in Table 3.1.4. 

Table 3.1.4. Example 1,  a = 0.99, complex case 
k 10 9 8 7 6 

estxu01a (6) * * * * * 
estsunx03  (8) 3.8954 × 10-10 3.8954 × 10-9 3.8958 × 10-8 3.8995 × 10-7 3.9369 × 10-6 
estkonpap03a (10) 3.4979 × 10-10 3.4979 × 10-9 3.4979 × 10-8 3.4979 × 10-7 3.4979 × 10-6 
estkonpap03b (12) 3.4981 × 10-10 3.4995 × 10-9 3.5133 × 10-8 3.6651 × 10-7 * 
estiva05a (21) 3.8958 × 10-10 3.8996 × 10-9 3.9387 × 10-8 4.4486 × 10-7 * 
estiva05b (22) * * * * * 
estiva05c  (23) 3.8954 × 10-10 3.8954 × 10-9 3.8954 × 10-8 3.8954 × 10-7 3.8957 × 10-6 
esthasi06a (27) 1.7578 × 10-8 1.7585 × 10-7 1.7656 × 10-6 1.8436 × 10-5 * 
estyinlf09b (34) * * * * * 
estyinlf09c (35) * * * * * 
estyinlf09e (37) * * * * * 
esthas10a (38) – – – – – 

As it is seen from the Tables 3.1.3 and 3.1.4, for this value of the parameter a 
the bound estkonpap03a, followed by the bounds estsunx03 and estiva05c, is the most 
effective one in terms of sharpness and relevance. It should be noted that the bounds 
estkonpap03a and estiva05c are local bounds and they are applicable to sufficiently small 
perturbations in the data. In general, no one can say how small the perturbations 
must be in order to be considered small enough. The local bound may give results 
even when the perturbed equation has no solution. 
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3.2. Example 2 (Example 4.2 from [13]) 
Consider the matrix equation (1) with coefficient matrices 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−−−
−−−

−−
−

=

11111
11111
10111
10011
10001

10
1A , AXAXQ 1−∗+=  and X = diag(1, 2, 3, 2, 1). Let the 

perturbations in the coefficient matrices A and Q be  0
210 AA j−=δ  and  

0
210 QQ j−=δ , respectively, with C

C
A 1

0 = , ( )CC
CC

Q +
+

= Τ
Τ

1
0 . C is a random 

matrix, which is generated by MATLAB’s function rand. The solution X
~

 of the 
perturbed matrix equation (3) is computed applying MATLAB’s function dare (i.e. 
X
~

 = dare(0, I, A
~

, 0, A
~

T)). The matrix I is the identity matrix of appropriate 
dimension. In Table 3.2.1 are listed the ratio of the perturbation bound to the 
estimated value for j = 1, …, 5 averaged as the arithmetic mean of 200 randomly 
perturbed runs. The example compares the properties of the bounds estxu01a (6), 
estxu01b (7), estsunx03 (8), estkonpap03a (10), estkonpap03b (12), esthasi04a (15), esthasi04b (16), 
estiva05a (21), estiva05b (22), estiva05c (23), esthasi06a (27), estyinlf09a (33), estyinlf09b (34), 
estyinlf09c (35), estyinlf09d (36), estyinlf09e (37) and esthas10a (38). All conditions of 
existence of the bounds are satisfied. The bound estxu01a [13] is an order of 
magnitude ruder than others. Depending on the results, the following groups are 
formed – the bounds estsunx03, estiva05a, estiva05b, which exceed the estimated value by 
5 to 6 times, followed by estiva05c, estxu01b, then the group of estyinlf09c, estyinlf09d and 
the closest to the estimated value is the group of the bounds estkonpap03a, estkonpap03b, 
esthasi04a, esthasi04b, esthasi06a and estyinlf09b.  The bound esthas10a of H a s a n o v [2] is the 
sharpest.  

Table 3.2.1. Example 2, real case 
k 1 2 3 4 5 

xu01a 51.8880 51.5730 51.5700 51.7500 51.7500 
xu01b 5.1852 5.1851 5.1851 5.1851 5.1851 
sunx03 6.1863 5.7670 5.7634 5.7633 5.7633 
konpap03a 1.4651 1.4569 1.4569 1.4569 1.4569 
konpap03b 1.4871 1.4572 1.4569 1.4569 1.4569 
hasi04a 1.5194 1.5154 1.5154 1.5154 1.5154 
hasi04b 1.5342 1.5156 1.5154 1.5154 1.5154 
iva05a  6.3165 5.7680 5.7634 5.7633 5.7633 
iva05b  6.4225 5.7689 5.7634 5.7633 5.7633 
iva05c  5.8506 5.7642 5.7633 5.7633 5.7633 
hasi06a 1.5461 1.5157 1.5154 1.5154 1.5154 
yinlf09b 1.6042 1.5861 1.5759 1.5859 1.5859 
yinlf09c 2.3139 2.3061 2.3060 2.3060 2.3060 
yinlf0d   2.5558 2.5474 2.5473 2.5473 2.5473 
yinlf09e 1.5900 1.5860 1.5859 1.5859 1.5859 
has10a  0.9728 0.9514 0.9512 0.9512 0.9512 
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Let us now modify the example choosing the random matrix C as (1+i)C and 
let us keep all other data unchanged. The results are listed in Table 3.2.2. 

Table 3.2.2. Example 2, complex case 
k 1 2 3 4 5 

xu01a  52.5480   52.2190 52.2150 52.215 52.2150 
xu01b  5.1765 5.1763 5.1769 5.1763 5.1763 
sunx03 6.2496 5.8247 5.8210 5.8210 5.8210 
konpap03a 1.4829 1.4649 1.4648 1.4648 1.4648 
konpap03b  1.4948 1.4651 1.4648 1.4648 1.4648 
hasi04a  1.5416 1.5233 1.5233 1.5233 1.5233 
hasi04b  1.5342 1.5234 1.5233 1.5233 1.5233 
iva05a  6.3843 5.8258 5.8211 5.8210 5.8210 
iva05b  6.4971 5.8267 5.8211 5.8210 5.8210 
iva05c   5.9071 5.8219 5.8210 5.8210 5.8210 
hasi06a  1.5573 1.5236 1.5233 1.5233 1.5233 
yinlf09b  1.6131 1.5943 1.5942 1.5941 1.5941 
yinlf09c  2.3335 2.3181 2.3180 2.3180 2.3180 
yinlf0de  2.5765 2.5560 2.5558 2.5558 2.5558 
yinlf09e  1.5995 1.5942 1.5942 1.5941 1.5941 
has10a 0.9745 0.9530 0.9528 0.9528 0.9528 

In this example, the behaviour of the bounds in the complex case is the same 
as in the real case. 
3.3. Example 3  
Consider equation (1) with values of the matrix coefficient A and the solution X, 

given in Example 1 from [6]. Let 

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−−−−
−−−

−−
−

=

11111
11111
10111
10011
10001

45
32A , 

AXAXQ 1−Τ+= . Consider the two values of the unperturbed solution 
X=diag(0.725, 2, 3, 2, 1) and X=diag(0.25, 2, 3, 2, 1). Let the perturbed equation (3) 
have matrix coefficients ( )EIAA ++= ε~ , ( )EIXX −+= ε~ , AXAXQ

~~~~~ 1−Τ+= , 
j21.0=ε . We study the perturbation bounds estxu01a (6), estxu01b (7), estsunx03 (8), 

estkonpap03a (10), estkonpap03b (12), esthasi04a (15), esthasi04b (16), estiva05a (21), estiva05b 
(22), estiva05c (23), esthasi06a (27), estyinlf09a (33), estyinlf09b (34), estyinlf09c (35), estyinlf09d 
(36), estyinlf09e (37) and esthas10a (38). The ratio of the perturbation bounds and the 
estimated value for j=2, 3, 4, 5 are listed in Table 3.3.1. 

After modifying the example by choosing ( )ij += 11.0 2ε , the results obtained 
for the complex case are listed in Table 3.3.2. 

Among the bounds considered in this example the bound esthas10a, of Hasanov 
[2] followed by estkonpap03a and estkonpap03b of Konstantinov et al. [7], gives the 
sharpest estimates. When the solution of equation (1) is chosen as  
X=diag(0.25, 2, 3, 2, 1), the bounds estxu01a, estxu01b, estiva05b, estyinlf09b – estyinlf09e  can 
not be used due to violated conditions of existence. 
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Table 3.3.1. Example 3, real case 

X=diag(0.725, 2, 3, 2, 1)  
k 2 3 4 5 

xu01a  111.6322   111.6357 111.6358 111.6358 
xu01b  5.6960 5.6960 5.6960 5.6960 
sunx03   7.3408 7.3149 7.3146 7.3146 
konpap03a  1.6147 1.6152 1.6152 1.6152 
konpap03b  1.6167 1.6152 1.6152 1.6152 
hasi04a  1.6499 1.6505 1.6505 1.6505 
hasi04b  1.6513 1.6505 1.6505 1.6505 
iva05a  6.5843 6.5428 6.5424 6.5424 
iva05b  6.5843 6.5428 6.5424 6.5424 
iva05c   6.5463 6.5424 6.5424 6.5424 
hasi06a  1.7956 1.7949 1.7949 1.7949 
yinlf09b  2.7529 2.7515 2.7515 2.7515 
yinlf09c  3.0357 3.0363 3.0363 3.0363 
yinlf0de  1.7942 1.7949 1.7949 1.7949 
yinlf09e  3.6486 3.6512 3.6512 3.6512 
has10a   1.2104 1.2096 1.2096 1.2096 

X=diag(0.25, 2, 3, 2, 1)  
k 2 3 4 5 

xu01a  * * * * 
xu01b  * * * * 
sunx03   8.4182 8.1404 8.1378 8.1378 
konpap03a  2.4882 2.4889 2.4889 2.4889 
konpap03b  2.5093 2.4891 2.4889 2.4899 
hasi04a  2.7378 2.7378 2.7358 2.7358 
hasi04b  2.7395 2.7358 2.7358 2.7358 
iva05a  8.0022 7.2847 7.2787 7.2786 
iva05b  * * * * 
iva05c   7.2937 7.2788 7.2786 7.2786 
hasi06a  2.7502 2.7359 2.7358 2.7358 
yinlf09b  * * * * 
yinlf09c  * * * * 
yinlf0de  * * * * 
yinlf09e  * * * * 
has10a   1.9602 1.9558 1.9558 1.9558 

Table 3.3.2. Example 3, complex case   
X = diag(0.725, 2, 3, 2, 1)  

k 2 3 4 5 
xu01a  1117264  111.7297 111.7298 111.7298 
xu01b  5.6960 5.6960 5.6960 5.6960 
sunx03   7.2980 7.2605 7.2601 7.2601 
konpap03a  1.6048 1.6053 1.6053 1.6053 
konpap03b 1.6076 1.6053 1.6053 1.6053 
hasi04a 1.6398 1.6404 1.6404 1.6404 
hasi04b 1.6418 1.6404 1.6404 1.6404 
iva05a  6.5534 6.4942 6.4937 6.4937 
iva05b  6.5001 6.4937 6.4937 6.4937 
iva05c   6.5463 6.5424 6.5424 6.5424 
hasi06a 1.6426 1.6405 1.6404 1.6404 
yinlf09b 1.7852 1.7840 1.7840 1.7840 
yinlf09c 2.7350 2.7347 2.7347 2.7347 
yinlf0de 3.0199 3.0195 3.0195 3.0195 
yinlf09e 1.7832 1.7840 1.7840 1.7840 
has10a 1.2884 1.2869 1.2869 1.2869 
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Table 3.3.2 (c o n t i n u e d)   

X=diag(0.25, 2, 3, 2, 1) 
k 2 3 4 5

xu01a  * * * *
xu01b  * * * *
sunx03  8.9435 8.5127 8.5087 8.5078
konpap03a 2.5635 2.5641 2.5641 2.5641
konpap03b 2.5948 2.5644 2.5642 2.5641
hasi04a 2.8189 2.8168 2.8168 2.8168
hasi04b 2.8502 2.6197 2.6105 2.6104
iva05a  8.0022 7.2847 7.2787 7.2786
iva05b  * * * *
iva05c   7.6332 7.6106 7.6104 7.6104
hasi06a 2.7502 2.7359 2.7358 2.7358
yinlf09b * * * *
yinlf09c * * * *
yinlf0d  * * * *
yinlf09e * * * *
has10a 1.8497 1.8439 1.8439 1.8439

3.4. Example 4 (Example from [7]) 
Consider the complex matrix equation (1) with solution X = I3 and coefficients 
being the random matrix 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

×+××+××+×
×+××+××+×
×+××+××+×

=
−−−−−−

−−−−−−

−−−−−−

122111

111112

113121

108898.5104572.3106842.6108350.3107115.6107886.6
108677.6103097.8108342.3103469.9102970.5107045.4
101749.4101942.5106982.7107930.6103462.5101896.2

iii
iii
iii

A

and AXAXQ 1−Τ+= . The perturbations in the perturbed matrix equation (3) are 

taken as ( ) EiXA k−+== 101δδ  and QAXAXQ −+= −∗ ~~~~ 1δ . The results obtained 
for k = 1, …, 10 are listed in Table 3.4.1. 

Table 3.4.1. Example 4 
k 10 9 8 7 6 5 4 3 2 

xu01a * * * * * * * * * 
xu01b * * * * * * * * * 
sunx0) * * * * * * * * * 
konpap03a  7.0344 7.0344 7.0344 7.0344 7.0344 7.0344 7.0344 7.0343 7.0343 
konpap03b  7.0344 7.0344 7.0344 7.0344 7.0348 7.0392 7.0831 7.5979 * 
hasi04a  * * * * * * * * * 
hasi04b  * * * * * * * * * 
iva05a  9.8749 9.8746 9.8749 9.8751 9.8772 9.8976 10.111 15.250 * 
iva05b  * * * * * * * * * 
iva05c   9.8749 9.8749 9.8749 9.8749 9.8749 9.8750 9.8759 9.8847 9.9727 
hasi06a  * * * * * * * * * 
yinlf09b  * * * * * * * * * 
yinlf09c  * * * * * * * * * 
yinlf0de  * * * * * * * * * 
yinlf09e  * * * * * * * * * 
has10a – – – – – – – – – 

As it is seen only bounds estkonpap03a, estkonpap03b, estiva05a and estiva05c estimate 
the perturbations in the solution of the perturbed equation (3). The bound esthas10a 
can not be used due to inappropriate matrix P. The conditions of existence of the 
other bounds are violated and these bounds do not work. 

Consider the unperturbed and the perturbed matrix equations (2) and (4), 
respectively. Compare the effectiveness and the reliability of the bounds estkonpap03a 
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(10), estkonpap03b (12), esthasi04a (15), esthasi04b (16), esthasi04c (17), esthasi04d (18), esthasi04e 
(19), esthasi04f (20), estiva05d (24), estiva05e (25), esthasi06b (29), estliz09 (30) and  
esthas10b (39). 

3.5. Example 5  

The Example is based on the model of Example 6.2 from [9]. Consider equation (2) 

for ⎥
⎦

⎤
⎢
⎣

⎡ +
=

00
40/95.00 k

A , k = 1, 2, 3, 4, AXAXQ 1−∗−= , ⎥
⎦

⎤
⎢
⎣

⎡
=

7083.10
01

X . Let 

the perturbations on A and Q be 5
2 10−×= IAδ , 510

45
51 −×⎥

⎦

⎤
⎢
⎣

⎡
=Qδ . The solution 

X
~

 of the perturbed equation (4) is obtained using the MATLAB’s function dare – 
the discrete-time algebraic matrix Riccati equation solver 
( ),0,~~~,~,,~)A~dare((~ 11 IAQAQIAX −−∗= ). We compute and list in Table 3.5.1 the ratios 
of the estimated error and the true error. Then, we modify the example choosing the 

complex matrices ( ) 5
2 101 −×+= IiAδ  and ( ) 510

45
51

1 −×⎥
⎦

⎤
⎢
⎣

⎡
+= iQδ  for the 

perturbations on A and Q. The results are listed in Table 3.5.2. 

Table 3.5.1. Example 5, real case   
k 1 2 3 4

konpap03a  1.7126 1.7393 1.7858 1.7908
konpap03b  1.7129 1.7397 1.7861 1.7912

hasi04a  2.4407 × 101 1.1990 × 105 * *
hasi04b  2.4407 × 101 1.1990 × 105 * *
hasi04c  1.2831 1.3003 1.3505 1.3448
hasi04d 1.2831 1.3003 1.3505 1.3448
hasi04e * * * *
hasi04f  * * * *
iva05d  2.3899 2.4011 2.4392 2.4207
iva05e  * * * *

hasi06b  2.5790 × 101 * * *
liz09 8.6166 1.0699 × 101 1.3908 × 101 1.7800 × 101

has10b – – – –

Table 3.5.2. Example 5, complex case   
k 1 2 3 4

konpap03a  1.9890 1.9990 2.0000 1.9872
konpap03b  1.9892 1.9992 2.0002 1.9874
hasi04a  3.7577 × 101 3.6784 × 108 * *
hasi04b  3.7578 × 101 3.7145 × 108 * *
hasi04c  2.4486 2.7522 2.9985 3.0429
hasi04d  2.4486 2.7522 2.9985 3.0429
hasi04e  * * * *
hasi04f * * * *
iva05d 2.4369 2.4491 2.4503 2.4347
iva05e  * * * *
hasi06b  4.0946 × 101 * * *
liz09  1.6449 × 101 2.2652 × 101 3.0888 × 101 4.0273 × 101

has10b – – – –

The results for k = 1, 2, 3, 4  listed in Tables 3.5.1 and 3.5.2 show that the 
conditions of Theorems 2.4.3-2.5.5 in the cases k > 1, as well as the conditions of 
Theorems 2.4.1 and 2.4.2, when k > 2 are violated. Thus we can not use esthasi04e, 
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esthasi04f, estiva05e as perturbation bounds. However, the bounds estkonpap03a, estkonpap03b, 
esthasi04c and esthasi04d give quite sharp perturbation bounds. In the real case, the 
bounds esthasi04c, esthasi04d of H a s a n o v, I v a n o v [4] are sharper than the bounds 
estkonpap03a, estkonpap03b of K o n s t a n t i n o v et al. [7]. In the complex case, the 
MATLAB gives a warning that the solution may be inaccurate due to poor scaling 
or eigenvalues near the stability boundary. This reveals that in the case of complex 
perturbations the solution X

~
 of the perturbed equation (4) is ill-conditioned. In this 

case the bounds estkonpap03a, estkonpap03b are the sharpest ones. 

3.6. Example 6  

For this Example we use the settings of Example 1 from [3]. Consider the matrix 

equation (2), 0A
A

A kδ
=  and AXAXQ 1−∗−= , where k

k
−−= 10

20
19δ , 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
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⎝

⎛
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21000
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00121
00012

0A , with solution 

⎟
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⎟
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⎠

⎞
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⎜
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⎝

⎛

=

5.21111
15.2111
115.211
1115.21
11115.2

X . Consider the 

perturbed equation (4), where ( )CC
CC

eAA +
+

+= Τ
Τ

1~
 and C is a random 

matrix generated by the MATLAB’s function randn. The perturbed solution is  
eEXX +=

~
 and AXAXQ

~~~~~ 1−∗−= . To observe the effectiveness of the bounds 
in the real and the complex case we choose kje −=10 , k = 2, 3,  j = 2, 3, 4, 5, as in 
Example 4 from [3], and then ( ) kjie −+= 101 , where i is the imaginary unit. The 
average of the ratios of the perturbation bound to the estimated value for 200 
random runs are listed in Table 3.6.1 for the real case and in Table 3.6.2 for the 
complex case.  

Table 3.6.1. Example 6, real case   
j 2 3 4 5 

k = 2 
konpap03a 1.2265 1.2265 1.2265 1.2265 
konpap03b 1.2269 1.2265 1.2265 1.2265 
hasi04a  1.6389 1.6389 1.6389 1.6389 
hasi04b  1.6389 1.6389 1.6389 1.6389 
hasi04c  1.3575 1.3574 1.3574 1.3574 
hasi04d 1.3576 1.3574 1.3574 1.3574 
hasi04e * * * * 
hasi04f 1.8047 1.8047 1.8047 1.8047 
iva05d  5.4908 5.4691 5.4689 5.4689 
iva05e  * * * * 
hasi06b  1.7562 1.7556 1.7556 1.7566 
liz09  5.4788 × 101 5.0368 × 101 5.0334 × 101 5.0334 × 101 
has10b  1.2610 1.2575 1.2574 1.2574 
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Table 3.6.1 (c o n t i n u e d)   
k = 3

konpap03a  1.2336 1.2336 1.2337 1.3561
konpap03b  1.2336 1.2336 1.2337 1.3561
hasi04a  1.6550 1.6550 1.6552 1.8149
hasi04b  1.6550 1.6550 1.6552 1.8149
hasi04c  1.3649 1.3649 1.3650 1.4834
hasi04d  1.3649 1.3649 1.3650 1.4834
hasi04e  * * * *
hasi04f  1.8411 1.8411 1.8413 2.0293
iva05d  5.4907 5.4905 5.4911 6.0754
iva05e  * * * *
hasi06b  1.7800 1.7800 1.7801 1.9434
liz09  5.1444 × 101 5.1407 × 101 5.1412 × 101 5.5870 × 101

has10b  1.2870 1.2870 1.2869 1.3652

Among the bounds considered, the bounds estkonpap03a and estkonpap03b give the 
closest estimates of the perturbation in the solution.  

Table 3.6.2. Example 6, complex case   
j 2 3 4 5

k = 2
konpap03a  1.2283 1.2283 1.2283 1.2283
konpap03b  1.2287 1.2283 1.2283 1.2283
hasi04a  1.6395 1.6395 1.6395 1.6395
hasi04b  1.6395 1.6395 1.6395 1.6395
hasi04c  1.3580 1.3579 1.3579 1.3579
hasi04d  1.3581 1.3579 1.3579 1.3579
hasi04e  * * * *
hasi04f  1.8047 1.8047 1.8047 1.8047
iva05d   5.4987 5.4678 5.4675 5.4675
iva05e   * * * *
hasi06b   1.7613 1.7604 1.7604 1.7604
liz09   5.8153 × 101 5.0398 × 101 5.0351 × 101 5.0350 × 101

has10b   1.0834 1.0798 1.0798 1.0798
k = 3

konpap03a   1.2272 1.2278 1.2272 1.2895
konpap03b   1.2272 1.2272 1.2272 1.2895
hasi04a   1.6510 1.6510 1.6511 1.7318
hasi04b   1.6510 1.6510 1.6511 1.7318
hasi04c   1.3619 1.3619 1.3620 1.4218
hasi04d   1.3619 1.3619 1.3620 1.4218
hasi04e   * * * *
hasi04f   1.8411 1.8411 1.8412 1.9294
iva05d  5.4587 5.4584 5.4587 5.7560
iva05e   * * * *
hasi06b   1.7717 1.7717 1.7718 1.8563
liz09   5.1345 × 101 5.1294 × 101 5.1296 × 101 5.3551 × 101

has10b   1.1569 1.1568 1.4568 1.2062

For the complex case of Example 6, the bound esthas10b is the sharpest ones. 

3.7. Example 7 (Example 1 from [4])  

Consider equation (2) with ⎟⎟
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2

αα
αα

A , solution [ ]99.01diag=X  and right 

hand AXAXQ 1−Τ−= . We take α = 0.41, 0.4, 0.39, 0.35, 0.3, 0.2. Assume 

perturbations on matrices A and Q: 810
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⎢
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⎡
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=Qδ  for the 
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real case and ( ) 810
42
610

1 −×⎥
⎦

⎤
⎢
⎣

⎡
+= iAδ , ( ) 810

44
74

1 −×⎥
⎦

⎤
⎢
⎣

⎡
+= iQδ  for the complex 

case. The solution of the perturbed equation (4) is computed with the MATLAB’s 
function dare. The ratio of the perturbation bound and the estimated value are listed 
in Table 3.7.1 – the real case and in Table 3.7.2 – the complex case. 

Table 3.7.1. Example 7, real case   
α 0.41 0.4 0.39 0.35 0.3 0.2 

konpap03a  1.6313 1.5977 1.5647 1.4393 1.2997 1.1086 
konpap03b  1.6313 1.5977 1.5647 1.4393 1.2997 1.1086 
hasi04a  3.6792 × 102 3.3002 × 101 1.7200 × 101 5.8071 3.1187 1.6026 
hasi04b  3.6791 × 102 3.3002 × 101 1.7200 × 101 5.8071 3.1187 1.6026 
hasi04c  2.5356 × 102 2.3143 × 101 1.2232 × 101 4.3554 2.4868 1.4208 
hasi04d 2.5355 × 102 2.3143 × 101 1.2232 × 101 4.3554 2.4868 1.4208 
hasi04e * * * * * * 
hasi04f * * * * * 1.7473 
iva05d  2.2605 2.2335 2.2071 2.1085 2.0035 1.8660 
iva05e  * * * * * * 
hasi06b 3.7045 × 102 3.2750 × 101 1.7093 × 101 5.8010 3.1313 1.6191 
liz09  * * * 2.327 × 102 2.3692 × 101 3.1488 
has10b – – – – – 0.9397 

Table 3.7.2 Example 7, complex case   
α 0.41 0.4 0.39 0.35 0.3 0.2 

konpap03a  2.1751 2.1201 2.0662 1.8632 1.6396 1.4228 
konpap03b  2.1751 2.1201 2.0662 1.8632 1.6396 1.4228 
hasi04a  5.4325 × 102 4.8625 × 101 2.5289 × 101 8.4668 4.5011 2.2714 
hasi04b  5.4325 × 102 4.8625 × 101 2.5289 × 101 8.4668 4.5011 2.2714 
hasi04c  5.4129 × 102 4.8610 × 101 2.5285 × 101 8.4665 4.5011 2.2715 
hasi04d) 5.4127 × 102 4.8610 × 101 2.5285 × 101 8.4665 4.5011 2.2715 
hasi04e) * * * * * * 
hasi04f * * * * * 1.7929 
iva05d  2.6587 2.5258 2.4841 2.3305 2.1686 1.9405 
iva05e  * * * * * * 
hasi06b 5.5589 × 102 4.9025 × 101 2.5513 × 101 8.5610 4.5600 2.3057 
liz09  * * * 3.9513 × 102 4.2787 × 101 5.0251 
has10b – – – – – 1.3818 

For this example the conditions of Theorems 2.4.3 and 2.5.5 are not satisfied 
and thus the perturbation bounds esthasi04e, estiva05e do not give a result. The 
perturbation bounds esthasi04a, esthasi04b, esthasi04c, esthasi04d, esthasi06b are not effective – 
they are conservative with variable accuracy in different values of the parameter α. 
Due to an inappropriate choice of the matrix P, the bound esthas10b gives results for    
α = 0.2 only. The only bounds that give acceptable results in this example are the 
bounds estkonpap03a, estkonpap03b and estiva05d. The bounds estkonpap03a and estkonpap03b are 
sharper. 

3.8. Example 8 (Example 2 from [4])   

Consider equation (2) with ⎟⎟
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=Qδ . The positive definite solution of the 

perturbed equation (4) is computed with function dare. The ratios of the 
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perturbation bound to the estimated value are listed in Table 3.8.1. In Table 3.8.2, 
the results obtained when the perturbations in the data matrices are 

( ) 510
43
21

1 −×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= iAδ  and  ( ) 1010

45
51

1 −×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= iQδ  are listed.  

Table 3.8.1. Example 8, 
real case   

konpap03a  2.9847 
konpap03b  2.9849 
hasi04a 3.8108 
hasi04b 3.8109 
hasi04c 3.3977 
hasi04d 3.3979 
hasi04e * 
hasi04f 1.2296 
iva05d 3.8423 
iva05e * 
hasi06b 3.7067 
liz09  5.7355 × 101 
has10b 0.9139 

Table 3.8.2. Example 8, 
complex case   

konpap03a 3.9775 
konpap03b 3.9779 
hasi04a 5.1253 
hasi04b 5.1255 
hasi04c 4.5699 
hasi04d 4.5701 
hasi04e * 
hasi04f 1.2383 
iva05d 5.1206 
iva05e * 
hasi06b 4.9398 
liz09 7.7204 × 101 
has10b 1.2179 

For this example the most effective bound is the bound esthas10b, followed by 
the bound esthasi04f. The bound estliz09 is conservative. The conditions of existence of 
the bounds esthasi04e and estiva05e are violated. The other considered bounds exceed 
the estimated value by 4 to 5 times. 

3.9. Example 9 (Example from [7]) 
Consider the complex matrix equation (2) with solution X = I and matrix 
coefficients  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

×+××+××+×
×+××+××+×
×+××+××+×

=
−−−−−−

−−−−−−

−−−−−−

122111

111112

113121

108898.5104572.3106842.6108350.3107115.6107886.6
108677.6103097.8108342.3103469.9102970.5107045.4
101749.4101942.5106982.7107930.6103462.5101896.2

iii
iii
iii

A

and AXAXQ 1−Τ−= . The perturbed matrix equation (4) is obtained from 
equation (2) using the perturbations ( ) EiXA k−+== 101δδ  and 

QAXAXQ −+= −∗ ~~~~ 1δ . The results obtained for k = 1, …, 10 are listed in     
Table 3.9.1. 

Table 3.9.1. Example 9 
k 10 9 8 7 6 5 4 3 2 

konpap03a  5.5878 5.5878 5.5878 5.5878 5.5878 5.5878 5.5878 5.5878 5.5878 
konpap03b  5.7129 5.5878 5.5878 5.5878 5.5880 5.5898 5.6080 5.8042 * 
hasi04a  * * * * * * * * * 
hasi04b  * * * * * * * * * 
hasi04c  4.2285 4.2285 4.2285 4.2285 4.2286 4.2288 4.2309 4.2522 4.4746 
hasi04d 4.2285 4.2285 4.2285 4.2285 4.2286 4.2288 4.2309 4.2519 4.4715 
hasi04e * * * * * * * * * 
hasi04f  * * * * * * * * * 
iva05d  8.6459 8.6459 8.6459 8.6461 8.6477 8.6636 8.8297 12.051  * 
iva05e  * * * * * * * * * 
hasi06b  * * * * * * * * * 
liz09 * * * * * * * * * 
has10b * * * * * * * * * 
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For this example of a complex matrix equation (2) the sharpest bounds are 
esthasi04c and esthasi04d. The conditions of existence from Theorems 2.4.1-2.4.4, 2.5.5, 
2.6.2, 2.7 and 2.9.1 are not satisfied and thus the perturbation bounds esthasi04a, 
esthasi04b, esthasi04e, esthasi04f, estiva05e, esthasi06b, estliz09, esthas10b  do not give a result. 

4. Concluding remarks 

Analysing the behaviour of the perturbation bounds considered in the paper, we can 
point out as most effective the bounds estkonpap03a, estkonpap03b of K o n s t a n t i n o v    
et al. [7] and esthas10a, esthas10b of Hasanov [2]. The dependence of the bounds 
estkonpap03a, estkonpap03b on many parameters makes them difficult for computing in 
general. But the bounds estkonpap03a, estkonpap03b are reliable and generally give 
satisfactory accurate estimates. The bounds esthas10a, esthas10b are very simple for 
computing. They were the sharpest in most cases considered. But the lack of a 
general rule for choosing the matrix P is an inconvenience. The bound estxu01a is an 
elegant bound and does not require the solution to the perturbed or the unperturbed 
equations. This allows the a priori calculation of the bound estxu01a. But, as it is seen 
from the results obtained in Section 3, the bound estxu01a either is too conservative, 
or does not work due to violated conditions of existence. The other considered 
bounds showed more conservative results than the bounds mentioned above.    
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