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Abstract: In this paper, the performance of the two beamforming methods,
conventional and MVDR QR-based, are used for multiple signal extraction under
conditions of jamming using three various array configurations. The quality of
source localization under conditions of strong broadband interference is evaluated
in terms of the following quality measures estimated at the beamformer output — the
angular resolution of signals, the peak sidelobe level and the signal-to-interference-
plus-noise ratio (SINR) improvement. The simulation results demonstrate the better
and more stable angular resolution of signals, provided by the MVDR method,
compared to the conventional beamforming method.
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1. Introduction

Extraction of the time-domain signals incoming from desired directions is an
important problem in many applications — radar, sonar, communications, and
others. Different beamforming methods can be used for signal extraction by rotating
the central beam of an array to give maximum received signal strength [1, 5]. The
conventional and non-adaptive beamforming method is known as the delay-and-
sum beamformer. It is the simplest method, according to which the array weights of
equal magnitudes and the different phases are selected to steer the array in the
desired direction [1, 2]. This beamformer has unity response in each look direction,
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that is, the mean output power of the beamformer in the look direction is the same
as the source power. Under conditions of no directional interferences, this
beamformer provides maximum SNR, but it is not effective in the presence of
directional interference, intentional or unintentional. The other beamforming
methods, such as an adaptive Minimum Variance Distortionless Response (MVDR)
method can overcome this problem by suppressing interfering signals from off-axis
directions [3, 4, 5]. By steering the array, the MVDR-beamformer adaptively
calculates the array weights that provide the maximum gain in all directions of
concern while minimizing the power in the other (interference) directions. To
suppress jamming signals, this beamformer does not require the apriori information
about them. It requires only information about the direction-of-arrival of the desired
signal.

The online updating of the array weights by the MVDR method requires the
online estimation and inversion of the sample covariance matrix. In many practical
applications, it is very expensive computationally and may be very unstable if the
sample covariance matrix is ill-conditioned. However, a numerical stable and
computationally efficient algorithm (QR-based) can be obtained by using
QOR-decomposition of the incoming signal matrix [4].

In this paper, the performance of the two beamformers, conventional and
MVDR QR-based, that operate under conditions of jamming, is evaluated for three
basic array configurations (linear, rectangular circular). The capability of each
beamformer to extract multiple signals arrived from different directions is evaluated
in terms of three quality measures, which are estimated at the beamformer output.
They are the angular resolution, the peak sidelobe level and the improvement in
SINR.

2. Signal model

The signal model is based on the scenario, according to which one or several (N)
desired signals combined with the wideband interference arrive at the antenna array
input. The complex vector of array observations at time instant £ can be modeled
as

M x(k) = a5, (6) + bj(k) + n(k).

where a., is the M-element array response vector of in the n-th signal direction, b
is the M-element array response vector in the jammer direction, s(k) and j(k) are the
complex samples of the signal and interference, respectively, and finally, n(k) is the
M-element vector of an Additive White Gaussian Noise (AWGN).

3. Conventional beamforming method

The object of beamforming is to increase the gain of the antenna array in the signal
direction and decrease the gain in the other directions. The output of a narrowband
array with M antenna elements is formed as
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2) y(k)y=w"x(k),

where k is the time instant, and x(k) is the complex vector of array observations,
W=[wi, wy,..., wM]T is the complex vector of the beamformer weights, T and H
denote transpose and conjugate transpose, respectively. In the conventional “sum-
and-delay” beamformer, the complex vector of weights W is equal to the array
response vector a., which is determined by an array configuration:

3) W =a.

conv C

4. MVDR beamforming method

Let us assume that the vector a. represents the direction of arrival of the desired
signal. The optimal weight vector W can be chosen to maximize the Signal-to-
Interference-plus-Noise Ratio (SINR) [4, 5]:
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where Kj., is the “interference + noise” covariance matrix of size M x M, and ol is
the signal power. The easy solution can be found by maintaining a distortionless
response toward signal and minimizing the power at the filter output. This method
is based on the linear constrained optimization. The criterion of optimization is
formulated as

(5) minW "K W subjectto W'a =1.
w it c

The solution of the optimization problem (5) is known as the Minimum Variance
Distortionless Response beamformer (MVDR) with the weights calculated as

-1
K a
(6) W — J‘H’) C
H -1
MVDR " K" a
c jtn ¢

In real practical applications, the sample covariance matrix K is used instead
of Kj.,, which is unavailable. The sample covariance matrix is estimated as

(7) K = %éx(n)x” (n).

Taking into account this equation the expression for calculating the weights takes
the form

_ IZ’la
®) W o = e

H -1 :
MVDR a'K'a
C C

Many practical applications of the MVDR-beamforming require online
calculation of the weights according to (8), and it means that the covariance matrix
(7) should be estimated and inverted online. However, this operation is very
expensive computationally and it may be difficult to estimate the sample covariance
matrix in real time if the number of samples is large. Furthermore, the numerical
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calculation of the weights Wyypr, using expression (8) may be very unstable if the
sample covariance matrix 1is ill-conditioned. A numerical stable and
computationally efficient algorithm can be obtained by using QR-decomposition of
the incoming signal matrix. The signal matrix is decomposed as X=0QR, where Q is
the unitary matrix and R is the upper triangular matrix. Hence the QOR-based
algorithm for calculation of the beamformer weights includes the following three
stages:

e The linear equation system RHz] =a is solved for z,, and the solution is
Z: = (RH)’laC .
e The linear equation system Rz, = z, is solved for z,, and the solution is
Z; = R_lzl* .

e The weight vector W is obtained as W = z: / (aHz;) .

5. Array configuration

Antenna arrays are composed of many antennas working in concert to establish an
unique radiation pattern in the desire direction. The antenna elements are put
together in a known geometry, which is usually uniform — Uniform Linear Arrays
(ULA), Uniform Rectangular Arrays (URA) or Uniform Circular Arrays (UCA)
[6, 7]. The ULA beam pattern can be controlled only in one dimension, while a
URA or a UCA with the elements extended in two dimensions enable to control the
beam pattern in two dimensions.

ULA configuration. In ULA configurations, all elements are aligned along a
straight line and generally have a uniform interelement spacing d. The direction of a
signal arriving from azimuth ¢ can be described with a unit vector e in Cartesian
coordinates, which is pointed from the array element towards the signal wave front.
As shown in Fig. 1, azimuth ¢ is defined to be the angle between the Y-axis and the
signal direction of arrival.

Y A To a signal source

7
1© 0 30 . 0 MO X

Fig. 1. ULA configuration

The direction unit vector e in Cartesian coordinates can be written as
) e(p)=(e . e )=(sing,cosp).
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The vector in the direction of element m can be written in Cartesian
coordinates as
(10) P =(d(m-1), 0).

If the first element of the M-element linear array serves as a reference element,
the propagation path-length difference d,, for a signal incident at element m can be
defined as the projection of the vector r,, on the direction unit vector e:

(11) d =e' -r =dsinp(m-1).

Compared to the reference element, the signal incident at array element m
from azimuth ¢ can be expressed as

(12) xm(t):s(t)exp(j%zdmj form=1, ..., M,

where s(¢) is the signal incident at the reference array element. Using the vector
notation, the signal incident at the antenna array gives a signal vector with M
elements:

2 27 2
(13) X, 9) :s(t){l, exp(]szj,...,exp(]Tdm),...,exp[]TdMﬂ.

Therefore, the ULA response vector a, takes the form:

2z 2z 2z
(14) ac((p):{l, exp(]szj,..., exp(]Tdm),..., exp(]TdMﬂ.

URA configuration. In URA configurations, all elements are extended in the
X-Y plane. There are My elements in X-direction and My elements in Y-direction,
creating an array of My x My elements. All elements are uniformly spaced d apart
in both directions. Such a rectangular array can be viewed as My uniform linear
arrays of My elements or My uniform linear arrays of My elements. Usually, the first
antenna element is considered as the origin of Cartesian coordinates (Fig. 2).

Z

N

To a signal source

Fig. 2. URA configuration

The direction of a signal arriving from azimuth ¢ and elevation 6 can be
described with a unit vector e in Cartesian coordinates as
(15) e(p, 0) =(eX, e eZ)=(cos fsinp, cosfcos@, sind).

80



The vector in the direction of element m(i, k) can be described in Cartesian
coordinates as

(16)

Here, i and k denote the element position along the Y- and the X-axis, respectively.
The element number m(i, k) is defined as

(17) mi, k)=(-DM _+k, i=1,..,M_ k=1,.,M .

If the first element of the rectangular array serves as a reference element, the
path-length difference d,,  for a signal incident at element with the sequential
number m(i, k) can be defined as the projection of the vector 7, x on the signal
direction vector e:

(18) d e =cos@-d[sing(i —1)+cos p(k —1)].

= -
m(i, k) m(i, k)

=(d@i-1), d(k-1), 0).

r
m(i, k)

Therefore, the signal incident at the antenna array can be written as M-element
vector:

2z 2r 2r
1 = —d_|,... — =
(19) Xt ¢, 0) S(t)[l, exp(] /1 dzj, ,eXP[J /1 dm(i,@} ,GXP(J /1 dMH’
where M=My x My. The array response vector a. takes the form

2z 27 2z
20 - Tiedl el il .
(20) ac(w, 0) {1, exp(j 7 dzj,...,exp(j 7 dm(l_’k)j,...,exp(j 7 dMﬂ

UCA configuration In UCA configurations, all elements are arranged along
the ring of radius » (Fig. 3). The ring contains M array elements.

Z
To a signal source

e

1

2.

1
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N
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Fig. 3. UCA configuration
Since these elements are uniformly spaced within the ring, so they have an
interelement angular spacing Agp = 2n/M, and a linear interelement spacing
d = 2ra/M. 1t is usually assumed that the first antenna element is located at the
Y-axis, and the ring center serves as the origin of Cartesian coordinates. The vector
in the direction of element m can be written in Cartesian coordinates as:

(21) r :(rsin(pm,rCOS(pm,O), where ¢ =27(m—-1)/ M.

The unit vector e(p, 6) in the direction of a signal source is the same as in the
URA case. If the center of the ring serves as a reference point, the propagation path-
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length difference d,, for a signal incident at element m can be defined as the
projection of the vector r,, on the direction vectore :
d =e'r =dcosO(sinpsing +cospcosep )=
(22) m m m m
=dcosfcos(p—o ).
The signal incident at the circular antenna array can be written as M-element
vector:

27 27 2
(23) X, ¢, 0) =s(t){exp(j/1dlj, exp(]idz),..., exp(]ﬂdMﬂ.
The array response vector a. takes the form
2r 27 27
(24) a (g, 0)= [exp(]7dlj, exp(]szj,..., exp(]TdM ﬂ,
where d,, is defined above form =1, 2,..., M.

6. Simulation results

In this section the computer simulation is performed in order to demonstrate the
capability of the two beamforming techniques, conventional and MVDR, to
separate the incoming signals arrived from different azimuth directions. Each
beamforming technique is evaluated in terms of the following parameters:

o The Half Power Beamwidth (HPBW) is the angular separation in which the
magnitude of the radiation pattern decreases by 50% (or -3 dB) from the peak of
the main beam. This measure determines the minimal difference between the
Directions-Of-Arrival (DOA) of the two signals that can be separated by the
beamforming technique Ag;

o The Peak Sidelobe Level (PSL) is the radiation in an undesired direction
which can never be completely eliminated;

o The Improvement in the Signal-to-Interference-plus-Noise ratio is the Ratio
between SINR at the single array element and SINR at the beamformer output
(IMP).

Two scenarios have been used in computer simulations.

Scenario 1 — Single desired signal

According to this scenario, the received signal consists of a single PRN coded
signal arriving from a source with the angular coordinates: 30° (azimuth) and 5°
(elevation). The carrier frequency is 1.251 MHz, the sampling frequency is 5.005
MHz, the frequency bandwidth is 2 MHz and the signal duration is 1 ms. For
comparison analysis we selected three different array configurations, ULA, URA
and UCA, with 9 elements. The numerical results obtained for both beamforming
techniques in case when only the receiver noise corrupts the desired signal are
presented in Table 1. In that case the input Signal-to-Noise Ratio (SNR) at a single
array element varies from 0 to 20 dB. It can be seen that the azimuth resolution
(A@) of the MVDR method betters with the increase of SNR very much. For a
conventional beamformer, the azimuth resolution improves poorly with the increase
of SNR. The analysis of the results summarized in Table 1 shows that the best
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azimuth resolution is achieved by the ULA configuration. As to the peak side lobe
level, for the conventional method, the PSL slowly decreases with increase of SNR.
However, for the MVDR method, the peak sidelobe level is drastically down from
—7 to =26 dB, when SNR increases from 0 to 20 dB. In the interference-free case
both methods improve SNR by 6 dB.

The numerical results obtained for the case when the jammer disturbs the
reception of the desired signal are presented in Table 2. The jammer direction has
the angular coordinates: azimuth of —60° and elevation of —5°. The jamming
intensity is determined by the Interference-to-Signal-Ratio (ISR). The results
presented in Table 2 are obtained for the case when SNR is 10 dB, and the ISR
varies in the range of 0 to 20 dB. The analysis of the results shows that the MVDR
method retains the important characteristics such as azimuth resolution and
sidelobes, over a wide range of interference intensity. It is so because the MVDR
succeeds entirely to suppress interference. This view is substantiated by the growth
of IMP with increase of ISR. Unfortunately, this is not true for the conventional
beamforming method. Its characteristics are degraded very much when the
interference intensity increases.

Table 1. Performance measures for an interference-free environment

A SNR, Conventional BF MVDR BF
"4 1 4B [Ag° [ PSL,dB | IMP,dB | Ag° | PSL,dB | IMP, dB
0] 154 ~6.5 65| 8.10 —72 6.5
51 14.1 -94 6.5 | 4.50 ~11.5 6.5
ULA 10| 136 | _114 65| 220| _163 6.2
20 | 134 ~12.8 6.5 | 0.84 263 4.7
0| 426 -5.6 65| 225 ~6.9 6.5
5| 384 _77 65| 123 | -113 6.5
URA 10 | 36.9 _88 65| 67| _160 6.2
20 | 36.6 95 6.5 1.8 -26.0 4.7
0| 476 -5.0 65| 26.1 —6.8 6.4
5| 43.1 6.6 65| 139 | _11.1 6.4
UCA 10 | 420 _75 65| 79| _i58 6.4
20 | 414 73 65| 21| 53 42

Table2. Performance measures for an interference environment

Arra ISR, Conventional BF MVDR BF
Y | 4B [Ap° [ PSL.dB | IMP,dB | Ag° | PSL, dB | IMP, dB

0 138 | -11.1 157] 22| -163 16.6
5| 139 | -104 185| 22| -163 214

ULA 10 | 143 g3 204 | 22| _i63 26.4
20 | 222 35 204 | 22| _jg3 36.2
0] 37.1 3.8 166 | 76| —158 16.7
5| 37.3 _86 206| 76| -158 21.2

URA 10 | 37.8 83 28| 76| _is538 26.1
20 | 421 57 267 | 76| _sg 357
0| 48.4 4.9 64| 81| -158 162
5| 65.6 28 64| 81| -158 20.8

UCA 1 0| - 12 64| 81| _is58 25.8
20 - 0 6.4 8.1 ~15.8 35.7
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Scenario 2—Two desired signals

According to this scenario the received signal consists of two desired signals
arriving from two close directions. The source angular coordinates are selected for
each array configuration in accordance with the results from Table 2, for ISR =
5 dB. The directions of arrival of the two signals are presented in Table 3.

Table 3. Signal directions for Scenario 2

Array Signal 1 Signal 2
Azimuth (¢,°) | Elevation (6,°) | Azimuth (¢,°) | Elevation (6,°)
ULA 28.5 5 315 5
URA 26.3 5 337 5
UCA 26 5 34 5

In order to compare the capability of the two beamformers to separate two
signals arriving from close azimuth directions, the normalized output power of each
beamformer is calculated by varying the azimuth in range of —90° to 90° for
SNR =10 dB and ISR = 5 dB. The signal power at the output of the two
beamformers is presented in Fig. 4 — for the ULA, in Fig. 5 — for the URA and in
Fig. 6 — for the UCA.

Output filter power: ULA - 9 elements

Qutput filter power: URA - [3 x 3] elements
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Fig. 4. Signal azimuth separation by the ULA  Fig. 5. Signal azimuth separation by the URA
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Fig. 6. Signal azimuth separation by the UCA
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The graphical results demonstrate the capability of the beamforming methods
to separate signals with small arrival-azimuth diversity. It can be seen that the
plotted results prove the values of the azimuth resolution presented in Table 2.

7. Conclusions

In this paper, the performance of the two beamforming methods, conventional and
MVDR, is simulated for three array configurations and different jamming/noise
intensities. The simulation results demonstrate the better and stable resolution and
the better accommodation capability of the MVDR method compared to the
conventional method.
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