BULGARIAN ACADEMY OF SCIENCES

CYBERNETICS AND INFORMATION TECHNOLOGIES e Volume 9, No 2

Sofia e 2009

Intuitionistic Fuzzy Hypergraphs

R. Parvathi!, S. Thilagavathi?, M. G. Karunambigai?®

! Department of Mathematics, Vellalar College for Women,

E-mail: paarvathis@rediffmail.com

Tamilnadu, India

2Department of Mathematics, Erode Sengunthar Engineering College,
E-mail: thilak.pri@gmail.com

Tamilnadu, India

3Department of Mathematics, i Vasavi College,

E-mail: gkaruns@yahoo.co.in

Tamilnadu, India

Abstract: In this paper, the concepts of intuitionistic fuzzy hypergraph (IFHG) and
dual intuitionistic fuzzy hypergraph (DIFHG) are introduced. In IFHG, the concepts
of (a, 3)-cut hypergraph, strength of an edge have also been introduced.
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1. Introduction

In [1, 2] the concepts of fuzzy graphs, fuzzy hypergraphs and intuitionistic fuzzy
graphs are introduced. In this paper, the concept of IFHG is introduced. Some im-
portant concepts have been developed such as the strength of an edge, («, 3)-cut
hypergraph, DIFHG. The proposed IFHG is useful to describe visually a fuzzy parti-
tion or covering. In section 2, brief definitions and terminologies of hypergraph and
fuzzy hypergraph are introduced. In Section 3 and Section 4, the concepts of IFHG,
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strength of an edge, («, 3)-cut hypergraph, DIFHG are developed. Section 5 con-
cludes the paper.

Definition 1.1. When a fuzzy set A is given in a universal set X the fuzzy set A is
represented by A={(x, ppa(x)) : pa(x) > 0,2 € X} where p14(z) is the membership
function representing the membership degree of element x in the fuzzy set A.

Definition 1.2. The support of the fuzzy set A, denoted by supp(A), is defined as
supp(A) = {x : pa(x) > 0}. Note that the support of a fuzzy set is a crisp set.

Definition 1.3. The «- cut of a fuzzy set A, denoted by A, is defined as
Ao = {a: pa(z) > a}.

When two fuzzy sets A and B are given, the operations U and N are defined on A and
B by their membership function 4 (x)and panp(x) respectively as follows:

paus () = max(ua(@), p(a)).
ans () = min(pa (), pp (@)).

Definition 1.4. A family of subsets A, As, ..., A,, (forevery i, A; # 0, A; € X)
in aset X is called a partition of X if the following conditions are satisfied:

UJai=x, i=1,2,...,m
A4 =10, 0,5 =1,2,....m(i # j)

2. Basic concepts

Definition 2.1. A hypergraph H is an ordered pair H = (V, E) where

)V ={x1,x9,...,x,}, afinite of set of vertices

(NE = {Ey, Es, ..., E,,, } a family of subsets of V,

(i) E; #0,j=1,2,...mand

(lV) UjEj =V.

The set V' is called the set of vertices and E is the set of edges (or hyperedges).

Definition 2.2. The edge E; is represented by a solid line surrounding its vertices
if [|[£;]|=1 by a cycle on the element. If ||£;|= 2 for all j, the hypergraph becomes

an ordinary (undirected) graph. The hypergraph (V, E') can also be represented by
(V;El, EQ, ey Em)

Definition 2.3. In a hypergraph, two vertices = and y are said to be adjacent if
there exists an edge £; which contains the two vertices x € Ej, y € Ej.

Definition 2.4. In a hypergraph two edges F; and E; are said to be adjacent if
their intersection is not empty. Thatis, E; N E; # 0,1 # j.
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Definition 2.5. In a hypergraph the degree of a vertex x is the number of edges
which contain the vertex.

Definition 2.6. In a hypergraph H = (V, E); V = {z1, 23, ...,x,, } and
E ={FEy,Ey,....Ep,},
its incidence matrix is a matrix My = (aij)nxm With m columns representing the

edges and n rows representing the vertices, where the elements a;; indicates the mem-
bership of vertex to hyperedge as follows

o 1, ifx; € Ej,
Wij = 0, if Z; ¢ E]

Example 1. Consider a hypergraph H = (V, E), suchthat V' = {xl,xg,xg,x%,
FE = {E17E27E37E4} where E1 = {.%'1,1‘2}, E2 = {.%'2,1‘3,}, E3 = {$3,$4
E4 = {$4,$1}.

The graph and hypergraph are shown on Fig. 1.
The corresponding incidence matrix is given below.

H|E E, E; E,

T2 | 1 1 0 0
T3 0 1 1 0
z4| 0 O 1 1

In general, a hypergraph represents a covering of the set V. In a hypergraph, if
every vertex has its degree 1 (i.e. E; N E; = 0, i# j), the hypergraph represents a
partition of V.

T1 Ey T2

Ey Es

Fig. 1. Graph and Hypergraph

Definition 2.7. A hypergraph H = (X; E1, Es, ..., By, ) Where X = {zq,...,2, }
can be mapped to a hypergraph H* = (E;z1,x9,...,x,) Whose vertices are the
points ey, es, ..., e, (corresponding to Eq, L, ..., B, respectively), and whose edges
are the sets X, X», ..., X, (corresponding to =, x, ..., x,, respectively) where X; =
{ejlz; € Ei,i <m},j=1,2,..,n. X; # 0 U; X; = E. The hypergraph H* is called
the dual hypergraph of H.
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Note 1.

(i) The incidence matrix (a;;)nxm Of the hypergraph H and that (b;; ), x, of dual
hypergraph H* are transpose to each other, that is, (ai;)sym = (bij)mxn. Thus,
(H*)*=H.

(1) If two vertices x;and ; in H are adjacent, the edges X; and X;in H* are
adjacent. Similarly, if two edges E; and E; in H are adjacent, two vertices e; and e;
in H* are adjacent.

Example 2. The dual hypergraph H* of the hypergraph H given in Definition
2.7isasfollows. H* = (E; X4, Xy, X5, X4); E = {e1,e2,€3,€4},

X1 = {e1, e2},
X2 - {62563}5X3 - {63564})
X4 = {64,61}.

The dual hypergraph H* is shown on Fig.2

Fig. 2. Dual hypergraph

The corresponding incidence matrix is given below.
H | X: X2 X3 Xy

e1 1 0 0
€9 0 1 1 0
es |0 0 1 1
€4 1 0 0 1

3. Intuitionistic fuzzy hypergraph

Definition 3.1. An intuitionistic fuzzy set (IFS) A in X is defined as an object of
the form A = {(z, pa(x),va(x))|z € X} where the functions 14 : X — [0, 1] and
vy : X — |0, 1] define the degree of membership and the degree of non-membership
of the element = € X, respectively, and for every x € X, 0 < pa(z) + va(z) < 1.

Definition 3.2. The support of an IFS A, denoted by supp(A), is defined as
supp(A)={z : pa(x) > 0and v4(x) > 0}. The support of the intutionistic fuzzy set
is a crisp set.

Definition 3.3. The(a, 3)-cut of an IFS A, denoted by A, ), is defined as
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A(a,ﬁ) = {X : MA((E) > «, and VA((IZ) < 5}

Definition 3.4. The IFHG H is an ordered pair H = (V, E') where

OV =A{z1,z2,...,x, }, is a finite set of vertices

(i) E = {E, Es, ..., Bt} is a family of intuitionistic fuzzy subsets of V
(B = {(@, (@), vi(@) (@), vi(@s) > 0 &pjlai) + vi(xi) < 1},

J=1,4,...,M

(VE; #0,5=1,2,...,m.

(VU;supp(E;) =V,i=1,2,..,m

Here, the edges E; are an IFSs of vertices, p;(z;) and v;(x;) denote the degree of
membership and non-membership of vertex z; to edge E;. Thus, the elements of the
incidence matrix of IFHG are of the form (a;;, p15(x:), vj(w;)). The sets (V, E) are
crisp sets.

Example 3. Consider an IFHG H = (V,E) such that V' = {xzy,z2, 23,24},
FE = {El,EQ,Eg,E4}.Here,

Ey = {(21,0.2,0.5), (22,0.3,0.6)}, By = {(22,0.3,0.6), (x3,0.4,0.5)},
Ej = {(23,0.4,0.5), (24,0.6,0.2)} and By = {(z4,0.6,0.2), (x1,0.2,0.5)}.

Fig. 3. Intuitionistic fuzzy hypergraph

The corresponding incidence matrix Mg is as follows:

My | Ey E Es E,y

z1 [(02,05) (0,0) 0,00 (02,05
zs | (0.3.0.6) (0.3,06) (0, 0) (0, 0)
25 | (0,0)" (04,05 (04,05 (0,0
ze | (0.0)  (0,0) (0.6,02) (0.6,02)

Definition 3.5. In an IFHG, the adjacent level between two vertices x, and
x5, denoted by v(z,,xs), is defined as v(x,,xs) = max;(min(p;(z,), pi(zs))),
min; (max(v;(z,),vj(zs))), =1, 2, ..., m.

Definition 3.6. In an IFHG, the adjacent level between the edges E; and Ej,
denoted by o(E;, E}), is defined by

o(Ej, By) = max(min(p;(x), e (2))), min(max(v; (z), vi(x)))-
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Example 4. In Fig. 3 the adjacent level between vertices z;and z- is (0.2, 0.5)
and the adjacent level between edges E; and Es is (0.3, 0.6).

Definition 3.7. The («, 8)- cut of IFHG H, denoted by H , ), is an ordered pair
H(m_ﬁ) = (V(a”g), E(aﬁ)) where:

(I)‘/(oc,ﬁ) = {mla "'7xn}7

(i Ew,p = {xi : pj(x;) > aand vj(x;) > B,j = 1,2,...,m},

(iii)Em—i-l,(a,ﬁ) = {(L’l : u](ml) < «and Vj(l‘z‘) > g for every j.

Note 2.

(1) Theedge E, 11, is added to group the elements which are not contained
inany edge E; (,,5)0f H, ).

(if) The edges in the («, 3)- cut hypergraph are now crisp sets.

Example 5. In Fig. 4, (0.3, 0.6)- cut of IFHG H is given.

Es, (0.3,0.6) Es, (0.3,0.6)
@G a O
Es, (0.3,0.6) E4, (0.3,0.6)

(&)

Fig. 4. H(0.3,0.6)

In the (0.3, 0.6)- cut hypergraph a new edge Es (o3 0.6) IS added to contain the
element z; whose membership value is > 0.3 and whose non-membership value is
< 0.6 for all edges. The incidence matrix of H g 3 ¢.6) is as follows.

Hos,06) | Fros3,06 Fo03.06 F30306 Fios306 Fs0306

1 0 0 0 0 1
T 1 1 0 0 0
T3 0 1 1 0 0
T4 0 0 1 1 0

Definition 3.8. The strengh ¢ of an edge £ is the minimum membership f;(x)
and non-membership v;(z) of vertices in the edge E;. That is,

5(E;) = (min(u; (), max(v; ()
for every p(x) > 0,v(x) > 0.

Example6 In Fig. 3, the strength of each edge is 6(E7) = (0.2, 0.6), 0(Es) =
(0.3, 0.6), 6(E3) = (0.4, 0.5), 6(E4) = (0.2, 0.5).
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Note 3. Among the strength of edges, the edge which possess maximum mem-
bership and minimum non-membership is said to be stronger. Thus, the edge E3 is
stronger than E,, FE5 and E, in Example 6.

The incidence matrix corresponding to strength is given below.

5 | E E, By E,
71 | (0.2,0.6) _ (0,0) 0,0)  (0.2,0.5)
2o | (0.2,0.6) (0.3,0.6)  (0,0) (0,0)
z3 | (0,0)  (0.3,0.6) (0.4,05)  (0,0)
zs | (0,0) (0,0)  (0.4,0.5) (0.2,0.5)

4. Dudl intuitionistic fuzzy hypergraph

Definition 4.1. If an IFHG H = (X; Ey, Es, ..., E,), X=(x1, 29, ..., z,,)IS given,
its DIFHG H* = (E;T1, T3, ..., T,) IS defined as follows. H* = (E;T1,%a, ..., Ty),
where

() E = (e1,ea,...,em), set of vertices corresponding to Ey, Es, ..., E,, respec-
tively.

() 75 = {(ej, pj(es),vi(ey)) : piley) = pj (i), viles) = vi(w:)}

Example 7. The DIFHG H* = {(E, %1, T2, %3, T4)} of IFHG H in definition 3.5
is given below. Here,

E={617 €2, €3, 64} .

71 = {(e1,0.2,0.5), (€4,0.2,0.5)},
T2 = {(e1,0.3,0.6), (€,0.3,0.6)},
T3 = {(e2,0.4,0.5), (e3,0.4,0.5)},
74 = {(e3,0.6,0.2), (e4,0.6,0.2)}.

The DIFHG is shown on Fig. 5

Yo
1
Fig. 5. DIFHG H*

The corresponding incidence matrix is
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M;I | Xl X2 X3 X

4
e1 (0.2,0.5) (0.3,0.6) (0,0) (0,0)
€2 (0,0) (0.3,0.6) (0.4,0.5) (0,0)
es (0,0) (0,0) (0.4,0.5) (0.6,0.2)
€4 (0.2,0.5) (0,0) (0,0) (0.6,0.2)
The (0.3, 0.6)-cut hypergraph H(*M 0.6) is shown on Fig. 6.
X, (0.3,0.6) X3, (0.3,0.6)
X4, (0.3,0.6)

X1, (0.3,0.6)

Fig. 6. M}}(O'M_G)

The corresponding incidence matrix M, IS
(0.3,0.6)
My 06 | X1 Xo Xz Xy
e1 0 1 0 0
€2 0 1 1 0
€3 0 0 1 1
€4 0 0 0 1
es 1 0 0 0

5. Conclusion

The authors further propose to show that the IFHG and («, 3)-cut hypergraph are use-
ful to represent an intuitionistic fuzzy partition. Ultimately, to show that the strength
of an edge can be used to decompose the data set in a clustering problem.
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