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Abstract: A modification of an algorithm for solving the well-known optimum
circulation problem in directed networks is presented here. It uses the Prim's
algorithm in the initialization step for finding an optimum spanning tree according
to one or two criteria in a lexicographical sense on a graph with special arc
weights. The modification makes it much faster. The running time is
O((m—=n+1)mn)+O(Kmn?) where m and n are the arc and node numbers,

respectively, and K is a constant, depending on the input data. A computational
experiment is accomplished with series of randomly generated networks up to
10000 arcs and the average time is compared with that of the Out-of-Kilter
algorithm.
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1. Introduction and problem statement

The optimum circulation problem is one of the most important ones in
mathematical programming and especially in network optimization. This is due to
the fact that many other problems can stem from this one as a special case. On the
other hand the problem is a polynomial one and there are efficient polynomial and
pseudo polynomial time running algorithms for its solution.

About 70 rea applications of this problem and variety of algorithms are
mentioned in [1]. They can be summarized as three types: basic agorithms
[1, Ch. 9], polynomia agorithms [1,Ch. 10] and network simplex agorithms
[1, Ch. 11], [7, 8]. A short overview is given at the end of this section.
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The problem statement is the following. Let G = (V, A) be a directed graph
with vertices V,,V,,...,V, and arcs A ,A,,..., A, With three arc weights a, b, and
o« for each arc A, where: a, is alower bound of the arc capacity, b, — an upper
bound of the arc capacity, and C, — transportations costs. We assume that a, < b,

for al arcs.
Without any loss of generality we assumethat a,,b, and c, areintegers. We

denote by cc; and CC; the arc subsets of the Co-Cycle CC,, containing all arcs
leaving and entering vertex V, , respectively.
We haveto find an integer X = (x:L Xy penns xm), which minimizes

(1) Fc(x):zmlcjxj
j=1
subject to
2 > X%— XY X%=0, i=12..,n
A eCCt A eCCy
and
3 a <x <b, k=12..,m

The known basic algorithms for solving this problem are given in [1]: out-of-
kilter algorithm, cycle canceling algorithm, successive shortest path algorithm,
primal-dual algorithm and relaxation algorithm. As a main feature they repeatedly
find the shortest paths (or cycles) and the time complexity depends on a constant
connected with the input data, i.e. they are pseudo polynomial.

The theoretical advantage of the strongly polynomial algorithms is that they
can solve problems with irrational data. This is not the case in our consideration.
Six algorithms are given below [1]. The first three ones are weakly polynomidl, i.e.
the time-complexity depends logarithmically on the input data and the last three
ones are strongly polynomial: capacity scaling algorithm, cost scaling agorithm,
double scaling algorithm, minimum mean cycle cancelling agorithm, repeated
capacity scaling algorithm and enhanced capacity scaling algorithm. The last one
seems to be the fastest known polynomial one — running time
O((mlogn)m+ nlogn)). It is a hybrid version of the first and the fifth one above

mentioned.

The network simplex algorithms rely on the fact that there always exists a
spanning tree solution, i.e. for which there is a spanning tree containing all the arcs
for which (3) is fulfilled as a strong inequality. This is the reason to restrict the
search among all spanning tree solutions.

A network simplex agorithm with some related variants is presented in [1].
Some special cases are discussed for solving the shortest path problem, the
maximum flow problem and sensitivity analysis.

Two simplex type algorithms are presented in [7] and [8] for non-flow
capacitate networks.

In [5] the authors have proposed a simplex type algorithm dealing with basic
feasible solutions.
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The agorithm which is described below, is a pseudo polynomial one and not
of simplex type. It has arelatively good complexity and agood real running time.

2. The agorithm

An integer node number t; (dual variable, potential) is assigned to each node, to
eacharc A =i, j) an arc number is assigned
*) d =t -t —c, k=12,...,m.

If ¢, in (1) issubstituted by (*), it will be easy to see that

Fe(x)=-F5(x):=->_dx,
j=1
is satisfied. In this way we reformulate the problem as
(1) Fo(x):= > d,x, - max
j=1

subject to (2) and (3).
Let X=(X,,X,,..., X,,) be a feasible circulation, i.e. for which (2) and (3)
holdsand t = (tl,t2 ,...,tn) — apotential vector. The condition
dk > 03 Xk = h<
(4) , k=12,...,m,
di <0= % =&
is called an optimality condition for the problem since the following theorem is
true.
Theorem 1. If X isafeasible circulation and t is a potential vector such that
(4) isfulfilled then X is an optimum circulation. If (2)and (3) are not contradictable
then there exists an optimum circulation X and a potential vector t such that (4)
holds.
Pr oof. Sufficiency —see[4, p. 233].
For the second part of the statement we start the out-of-kilter procedure with a

feasible circulation and an arbitrary potential vector. It finishes with an optimum
circulation x and a potential vector t, which satisfy (4).

Thus, to each arc A, = (i, j), a point (xk,dk), is assigned, which can be in
nine states — three of them are optimal ones ((2), (3) and (4) are fulfilled), the
others are not (see [4]). The optimum states are called In-Kilter States, the other

ones are Out-of -Kilter States.
The curve

(5) KC{(xy)|x=aif y<O;x=hif y>0;a < x<hif d, =0}
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is called a kilter-curve of A, . Its integer points can be moved to the kilter-curve

horizontally if we change the flow on this arc and verticaly, if we change the
potentials of its nodes.

The agorithm Out-of-Kilter (OKA) keeps condition (2) fulfilled at each
iteration and tries to fulfill (3) and (4) [4]. The agorithm given below, called
Modified Externa Flow Algorithm (MEFA) keeps (3) and (4) and tries to fulfill (2)
[2, 3].

For any arbitrary X = (x1 Xy yeny xm) and V,

Fi = Z Xk_ z Xk) i:l’2!"'lna

A eCCy AeCCr
and will call it externa flow of V,. The node is called a source node if F, is

negative. If it is positive the node is asink one, otherwise it isatransit node.
To each node V, we attach labels S, and E; — integers with the meaning:

S = 0 meansthat the node is not labeled; otherwise, S > 0 means that there
exists a chain from a specia starting node to V; and the last arc is a forward one. If
it is negative, the last arc is a backward one. E; is the maximum quantity of the
flow changed on the last arc of the chain.

Further, for each arc A =i, ]) are denoted SV, =i and EV,:=] (Start
Vertex and End Vertex of A ). For anarc A, with d, =0, § #0,S; =0 and
E, # F, threelogica variables are defined as follows:

CondF( A, i, j):=true iff

1) SVy=i andEV, =|,

2)if E >F then x, <b,, esex, >a;
CondB( A, i, j):=true iff

1) SV, =] and EV, =i,

2)if E >F then x, >a, esex, <b;
Cond( A, i, j):= CondF(A,i, j)v CondB(Ai, j).

The idea of the agorithm is the following. At the initialization step a
maximum spanning tree G is found with arc weights b, —a,, which alows to

have at least one flow augmenting chain between every two nodes for the defined
flow X . Further (3) and (4) are preserved fulfilled and an attempt is made to reduce
all external flows to zero, i.e. to fulfill (2) aswell. In the Main loop we start with a

source node V, and using the strategy Depth First Search (DFS) al nodes
reachable from it with one flow augmenting chain are found. If V; is such one and

it is not possible to continue the DFS procedure with the forward step, the algorithm
either goes backward if it is not possible to reduce the external flow of V;, or this
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vertex is dislabeled, its external flow is reduced and the flow of the last arc leading
to it changed and the DFS procedure continued. In this way we get a tree with
labeled nodes which “pulsates’ (gets larger or smaller). At the end of DFS

execution we stop at V, . If this node becomes a transit one, we simply jump to

another source node and start the next iteration. Otherwise we change potentials of
the labeled nodes and continue the procedure with a growing tree.

2. 1. Modified External Flow Algorithm (MEFA)

(*Input: Directed and connectedgraph G=(V, A) and integers a,,b,,C,
with a, <b,;
Output: Optimumcirculation X = (X, Xy,..., X;,).*)
1°. (*Initialization — finding a good non— feasible starting solution,
which satisfies (3) and (4)*)
Set Gi= (\7A) withV={v,}, A={ }; sett, == 0;
for 1:=1ton-1 do
begin
find A =(i,j) withlargest b, —a, such that
(\/i e\7andv,- e\?) or (\/i ss\7andvj e\?) X
infirstcaseset t; =t +c, and\?::\7u{\/j},

insecondcaseset t, =t, —c, andV =V UV };

set X, ::{a";bk] d =0 and A=AU{A ]}

end ;
for all AkséA set d, =t -t -c,and
if d, >0 then x,:=b, else if d, <Othen x :=a,
ese X, :={—a"+bk};
2
for i=1tondo set F,:=0and E =0;
for k:=1 tom do
if A =(,j) thenset F:=F +x.and F, :=F —x;
2°. (* Main loop*)
for 1:=1ton do
if F =0 then
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begin
E =0, GoOn:=true, i= |;
repeat  (*until R =0%)
if i=1 and GoOn then
begin
for j=1to ndoS; =0;
GoOn:=fase, § =m+1
end ;
find anarc A with Cond(A,i, j) =true;
if A issuchanarcthen (* Forward step*)
if CondF(A,,i, ) then
begin S, =Kk;
if E >F then E, =minl, -a E -F|
dse E, =max{a, — X, E —-F | i=]
end
dse (*CondB(Ad, j)=true*)
begin S, == -k;
if E >F then E, :=min{x,—a,,E —F|
dse E, =max{x,—b E —F | i=]
end
ese (*Cond(Al, )= falseforall A e CC, *)
begin k=S;
If 1=l then
If  EF >0 then
begin  (*Backward step: flowchange and dislabeling*)
g:=sign(Fi)min{|Ei|,|Fi|};
F =F —¢& GoOn:=true;

S =0;

if k>0then

beginx, =% +¢; =SV, end

else beginx, =x —¢&; i=EV,end;
F=F+¢

end



else(*EF <0%)
if k>0theni:=SV, elsei =EV,
ese(*i=1%)
if not GoOnthen (*Change potentials*)
begin §:=wx;
for k:=1tomdo
begin
pi= SV, a:= EV,;
if S,#20and S, =0andd, <Oand—d, <o
then begin 6 :=—d,;i:= pend
else
if S,=0and §, #0andd, >0andd, <o
then begin 6 :=d,;i:=qend
end;
if 0 =o0then STOP (*Thereexistsno feasiblecirculations*)
else
begin
for j:=1tondo
if S, =0thent; =t; +7J ;
for k:=1tomdo
begin
i:=98V,;]=EV,;
d, =t -t —¢,
end
end
end (*Change potential s*)
end
until F, =0
end.
Theorem 2. MEFA solves the problem correctly with time complexity
o(Kmn?).
P r o o f. The algorithm finds at the initialization step a maximum spanning
tree G with arc weights b, —a, . It needs O(mn) operations (Prim). For each arc

A of G d, =0 and x €[a b] holds, i.e. (3) and (4) are fulfilled. For all other
arcs X, and d, aredefined in order to fulfill (3) and (4).

The complexity of the Main loop is O(Kmn2> [2], which is the total
complexity.
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The procedure terminates either if every node becomes a transit one or if no
potential changes are possible. In the first case condition (2) is fulfilled, hence the

problem is solved. In the second case a co-cycle CC(V/) has been found for which
the condition for existence of a feasible solution is not fulfilled. It is really the fact
since: if A eCC* (V') is a forward arc then the flow on it cannot be increased
since the point (xk , dk) ison one of the vertical branches of the Kilter Curve KC. If
no potential changes are possible this point is on the right branch, i.e. X, =b,.
Anaogously, X, =a, for all backward arcs from the co-cycle. Hence, if

> {F [V eV} <0 then

0> ¥ {% | A eCC* (V/)} - Z{x | Ac.eCC (V')}
=>{b | A eCC* (V)| -Z{a | A eCC (V/)}.

It follows from the circulation existing theorem of Hoffmann [4, p.79], that there
exists no feasible circulation in the network.

Comment. For an arbitrary pair of source-node V; and sink-node V,; one

|
wants to find a chain of arcs connecting them in order to send some flow. If it is not
possible, we have to change potentials — O(n) operations. But if we start with X

and d from the initialization step, a change of the flow is possible from V, to V,

at least on the only chain from the spanning treeG . The optimality of G alows a
larger change since this chain belongs to the spanning tree.

Sometimes it is possible to start with much better non-feasible X, i.e. which
allows Iarger flow changes. It is a solution to the following problem P.

Let G = (V A) be asub graph of G . We denote by

(5) ab(G) =2 {b, ~ac |A < A

and

(6) AB(G)=min{b, —a,|A < A

Now we define an optimization problem in lexicographical sense:
P) lex max{(ab(G) AB(G)) |G aspanningtreeof G} ,

i.e. find an optimum spanning tree according to (6) among all optimum solutions
according to (5). It can be solved with the procedure given below. The idea is the
same asthat in [5] and [6] for solving the bicriterial optimum path problem.

Procedure (P)

Let G beamaximum spannig treeof G with arc weights b, —a, ;
repeat
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deleteall arcs A, of G with the smallest arc weights
and denote the new graph by G’;
let G’ be a maximum spanning tree of é';
if ab(G) = ab(G) thenset G:= G and G :=Gr
until - ab(G) > ab(G) ;
G is a solution of (P).
This procedure needs no more than m-n+1 iterations, i.e
O((Mm-n+21)mn) operations at all. Hence, if we modify the initialization step of
MEFA in this way, the tota complexity of the agorithm will be

O((m—-n+2)mn) + O(Kmn?) . Note that m-n+1>0 since G is connected

and contains cycles. We cannot say which term is larger since everything depends
on K aswell asthe relation between m and n. If the graph is a dense one, the
first term dominates and the complexity is polynomia one. If, on the other hand, it
issparse K plays acrucial role in the amplitude of the latter term. In this case the
complexity of MEFA will be pseudo polynomial and the same as EFA —

O(Kmnz). Finaly, if we start MEFA with a bicriterial maximum spanning tree,
mentioned above, the total complexity will be O((m—n+1)mn) + O(Kmn?) .

3. Computational experiment [3]

Both algorithms OKA and MEFA and the old version EFA are pseudo polynomial
ones, since the complexity O(Km?n), O((m-n+2)mn)+ O(Kmn?) and

O(Kmn?), respectively, depend on the input data. We again point out that we use
OKA only as ameasure unit sinceit is well-known and popular.

For “small” networks we have arranged a computational experiment and have
compared the executing time of both algorithms OKA and EFA. For the purpose we
have developed a computer code in Turbo Pascal 6.0 and have used a PC AT with
microprocessor 180286 and coprocessor 180287. The regression model for the ratio

R= time(OKA)/time(EFA)
of type Y = aX® has been obtained with the program package STATGRAPHICS,
We made three kinds of experiments.

We fix n=100 (number of nodes) and let m (number of arcs) vary from
1000 to 10000 in 1000 interval. For each case we generate randomly five networks
and solve the problem with both algorithms. The ratio of both times is
R(m) = 0.2772(m)*** . For 10000 arcs EFA is about 7 times faster than OKA —
Fig. 1.

21



500 8.00 5
4005 .
Out of Kitter Algorithm 600 3
o
4 e
~3003 &
I 3
2] X 4.00
- ] x
(1] 3 L
£ 2007 c
= S
=
3 & 2.00
1004 External Flow Algorithm o
= ] .
- . 0.00 JrrrrrrrrrrrrroeenorIrrTT O
° 000 8000 1 4000 8000 12000
Arcs /100 vertices/ Arcs /100 vertices/
(a) (®)

Fig. 1

Now we fix m=5000 and vary n from 10 to 100 at 10 interval. Again five
networks for each case have been generated. The regression function is

R(n) = 73.472(n) *%%®  EFA is about 10 times faster for 100 nodes— Fig. 2.

3304 30,00 =
3003 '
40.00
2503 i
3 ‘E E
3 Out of Kilter Algorithm 3
"0'200] 2 30.00
@ “3 . E
5] 3 (=] ]
& 2
(=]
@ 1503 =
E 3 = 2000
= 3 ]
1004 "U' :-
3 _E', r
3 or 10.00 -
59; External Flow Algerithm 1 v 3
E ,,HW'
0 et e L st taaiiar it T ——
4o 80 T20 4 L 120
Vertices /S000 arcs/ Vertices /5000 arcs/
(2) (b)

Fig. 2

Finally we fix n=50 and m=500 and vary the difference b, —a, from 10
to 100 at 10 interval. Again a series of five networks have been generated. The
result is R(b—a) = 0.6504(b—a)®*". For b—a=100 EFA is more than 15
timesfaster (Fig. 3).
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Further we compare the number of iterations for both algorithms. At each
iteration of EFA, the actual source node becomes atransit one. For OKA the actual
arc, whichisin an out-of-kilter state, getsin an in-kilter-state.

The results are given in Table 1, where ANI(EFA) and ANI(OKA) means
“Average Numbers of Iterations’ of the algorithm for the series of five randomly
generated networks.

Tablel

n m ANI(EFA) ANI(OKA)
20 30 6.8 12.6
20 55 8.4 19.4
20 80 6.4 238
20 105 5.8 32.0
20 130 6.4 32.2
20 155 6.0 36.8
20 180 6.2 40.8
20 205 5.6 43.6
20 230 5.8 41.0
40 1000 7.2 122.4
55 1000 13.0 127.0
70 1000 16.6 132.6
85 1000 23.0 116.8
100 1000 23.2 122.8
115 1000 33.8 115.2
130 1000 36.8 109.0
145 1000 40.2 121.8
160 1000 43.6 119.8
10 90 3.2 218
15 210 54 39.8
20 380 5.0 61.4
25 600 4.4 716
30 870 4.4 91.2
35 1190 5.4 107.4
40 1560 5.2 144.4
45 1980 5.4 147.2
50 2450 4.2 185.6
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4. Conclusions

The difference between MEFA and EFA isin the initialization step which does not
depend on theinput data &, b and C.

Since MEFA starts with a better, non-feasible solution as EFA, it should be
faster. In this case the ratio time(OKA)Aime(MEFA) should be larger than

time(OKA)ime(EFA) .

MEFA is much faster than OKA for dense graphs. It is not slower for sparse
graphs.

If b—a and ¢ increase then the ratio of both times decreases but it is greater
than one, i.e. MEFA isfaster.

The memory we need for both computer codesis nearly the same.

The constant K increases for both algorithms but the speed for MEFA is
much faster.

MEFA needs definitely fewer iterations.

The PASCAL-like description of MEFA allows to develop a computer code
very easily. We recommend a Neighbour-Vertex-List networks presentation in
order to speed up the procedure.
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