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Abstract: The Direct Simulation Monte-Carlo (DSMC) method is based on splitting
the rarefied gas process evolution into two ballistic and collision steps within a time
step. The collision step is the more complicated, requiring a rigorous theoretical
analysis to discover its relation to the fundamental kinetic equations. In this work,
we present a systematic derivation and examination of the Bernoulli-Trial (BT)
family of collision schemes. The master Kac equation describes the binary collision
interactions as a stochastic process lying in the background of the DSMC
probabilistic rules, and it serves as a starting point for our derivation of the BT
family. This study is limited to the analysis of four BT members, including
Simplified Bernoulli Trials (SBT), Generalized Bernoulli Trials (GBT),
Symmetrized Simplified Bernoulli Trials (SSBT), and Symmetrized Generalized
Bernoulli Trials (SGBT). These schemes are implemented in the DSMC code, and a
simple relaxation problem is simulated to determine optimal values for the
pair-selection parameter Ns.
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1. Introduction

Kinetic theory provides the fundamental description of rarefied gas flows, spanning
from near-continuum to highly rarefied conditions. The velocity distribution
function, being the solution of the well-known Boltzmann equation, provides a
connection between microscopic gas properties and macroscopic quantities. The
same goal is achieved through the statistical sampling of microscopic particle
properties, which is implemented numerically by the Direct Simulation Monte-
Carlo (DSMC) technique introduced by Bird [3]. The DSMC algorithm
discretizes the time and space into a computational grid and splits the gas-dynamics
process over a time step into free-molecular motion and intermolecular collisions
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within computational cells. While the particle motion step is relatively
straightforward, the collision partner-selection procedure plays a central role in
determining both the accuracy and computational cost of the simulation [2].

Through the years since the DSMC was created, many collision algorithms
were proposed, and among them, the most popular is the No-Time-Counter (NTC)
scheme [3] and the Null-Collision (NC) [4], which selects candidate particle pairs
based on a maximum collision rate concept. A similar approach that takes into
account the Poissonian character of collision distribution is proposed by the
Majorant Collision Scheme (MFS) [5]. Although this approach is computationally
efficient, it suffers from some inconsistencies of the stochastic process, such as the
non-Markovian character of the collision process [6and repeated collisions between
the same particle pairs. The theoretical investigations [7] have shown that repeated
collisions between the same particle pairs can occur, especially in low-density
simulations or when the number of particles (simulators) per cell is low. Such
repeated collisions do not contribute new physical information and may artificially
reduce the effective collision rate [7, 8]. These disadvantages reduce accuracy when
the number of particles per cell becomes very small.

To avoid these disadvantages, alternative stochastic collision models have
been developed to improve statistical consistency. Among these alternatives, the
Bernoulli-Trial (BT) family of algorithms [9, 10] provides a rigorous probabilistic
framework derived from the Kac stochastic equation [11]. These models determine
collision events using Bernoulli trials as probability checks for collisions that avoid
repeated collisions over a time step.

The present work deals with a systematic theoretical formulation and
derivation of the basic BT collision family schemes from the general transition
operator [12] and investigates their efficiency in computational simulations of a
relaxation process to equilibrium. The focus of our attention is the determination of
pair-selection rules and parameters of the derived approximations and the
estimation of their computational cost and statistical accuracy.

In the original BT formulation [12], all possible particle pairs within a cell are
evaluated as potential collision partners. While this approach effectively prevents
repeated collisions and maintains the approximation accuracy, its computational
cost increases with the square of the number of particles in the cell. This makes the
method expensive for large-scale simulations. The subsequent several
improvements reduce the computational costs of the BT approach. The Simplified
Bernoulli Trial (SBT) algorithm [7, 13, 14] reduces the number of candidate pairs
by considering only a subset of possible partners for each particle. This significantly
lowers computational complexity, making it comparable to the standard NTC
scheme while maintaining acceptable accuracy for most non-equilibrium gas flow
problems. The next approximation, the Generalized Bernoulli Trial (GBT) scheme,
introduced a selection parameter N, that allows the user to decrease the number of
selected pairs checked for collision [15]. This parameter provides an improved
computational efficiency.

The development of symmetric collision-selection strategies is a new and
subtle improvement. The Symmetrized Simplified Bernoulli Trial (SSBT)
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algorithm, following the SBT idea, allows each selected particle to be checked for
collision with its neighbours before and after it in the particle list, thereby
improving statistical symmetry and physical consistency [16]. The last considered
model, the Symmetrized Generalized Bernoulli Trial (SGBT) scheme, incorporates
the properties of both GBT and SSBT [17].

These variants of collision models based on rigorous derivation of a series of
approximations of the general non-linear transition operator acting over a time step
demonstrate that the Bernoulli-Trial framework provides a substantial complement
to standard collision algorithms. As discussed in the recent textbook [18], the
development of the BT collision approximation family for the modern DSMC
method directs researchers’ attention to creating flexible hybrid schemes that
combine the best qualities of the respective schemes for accurate and efficient
modeling of non-equilibrium gas flows in complex domains [19].

Finally, the BT-collision models, the SBT and GBT, and SSBT and SGBT, are
tested and their efficiency compared in the benchmarked relaxation process [1, 20].

2. Mathematical formalities

The mathematical formulation used in the derivation of the BT equations is as
follows.
Let A;j € My (R) be a square matrix. The Taylor expansion of exp(4;;) is

(1 exp(4) = Yo AT
The general form of the exponent sum law exp(a + b) = exp(a) + exp (b) is
(2) exp(Xn an) = [In exp(ay).

Let N € N and a,, be a sequence. The expansion over distinct unordered pairs
are

_TIN-17TN
[Ticicjen an =Ili=1 [j=i1 an
3) Disi<jsN On = i ?’=1+1 Qp-
Let P(t) = ay + a;t + a,t? + -+ be a polynomial with constant or matrix
coefficients. Then the collection of terms of degree d or greater using Big-Oh
notation is

@) 0(t) = Zizaant™ -

3. Derivation of BT operators
The above mathematical formalities are applied to the Kac master equation. In the
operator form, the Kac stochastic model could be written [10] as follows:
9 0] - 0) _
G FFyo (tx®,cyw) = [lei<jSN(’) wij (Ti; — D]Fyo (txY, cyw) =
=v(T - DFyo(t.xY, cyw),

where

W=y, Tj= [, (ci;)B(9:,0)dUO), T =X, iy wijTi¥,



and B(gij,e) is a scattering kernel. The transf(.).rmation T;F N(z)(t,x(l),cN(z))
results in a probability density distribution of cllvj(l) over Q(N,E,P) after the
collision of a pair (¢;, ¢;) under the condition that before the collision point ¢y is
distributed over Q(N, E, P) with the probability density Fyo (t, x®, cyo).

In the Kac model, the probability of the time interval between two successive
collisions is distributed according to the exponential distribution of a Poisson
process as follows:

_ 0iigii
(6) Prob(6t >t) =e ™, v = YicicjsNn® Wijs Wij = L"/l”,
where the collision probability of pair (7, j) as denoted by (w;;) is a function of oy},
which is the collision cross-section, and g;; = [¢; — ¢;|, which is the particles’
relative velocities.

In the case of the given state at the time tj, the operator form of the Kac

master equation could be solved at time t with the definition of the transition
operator G (t) in the following form:

(7) FN(l) (tix(l); CN(l)) = G(t)FN(l)(to, x(l)F CN(l));
where the transition operator G (t) could be written as
(8) G(t) = exp[t Xy <icjene wij (Tij — I)] = exp [tv(T = D].

3.1. Bernoulli Trials (BT)

The BT operator [10] is an approximation of (8) considering all pairs of particles
(i,j) for collision. The Bernoulli Trial operators are derived from the G(t) by
applying equations (2) to (8) as follows:
@) exp(At Ty qicjenowij(Tij — 1)) = Thcicjeno exp [Atw(Ty; = 1)].
Expand the product of (9) using (3).
(l) D
(10) H15i<]’51\](l) eXp[AtWij(Tij — I)] = N L H;V i+1 EXp[AtWij (TU — 1)] .
Taylor expand the product of (10) using (1) is

O_ D
(11) N 1“7 l+1exp[Ath](le I)] =
D1 D Atw(Ty-1
N e =i
Within the inner sum of (11), compute n = 0 and n = 1. Condense using (4)
is
O ) Atw;i(Ti~1
(12) I T, [ Tl
O—1 qNO o [Atwy(Ty-D]"
HN 1 H?I_i_i_l [1 + AtWU(TU - I) + anz jn—']] =

- Q]
= [TE 1 TS [1 + Atwy(Ty; — 1) + 0(At?)].
For small values of At, we approximate for n = 2 that At™ = 0. Thus, the
remainder O (At?) ~ 0. Truncate the inner product in (12) to give the BT operator.

(13) Gar(A0) = [T, T TISea[1 + Atwy (Ti; = 1)].
An equivalent representation takes the form
W_q N®
(14) Gpr(AY) = [T, " TS [ (1 — Atwi DI + (Atwy;)Ty;)-

6



For w;; 1 where collision is likely, the operator applies the collision
operator T;; and updates velocities. For w;; ~ 0 where collision is unlikely, the
operator applies the identity operator I and streams the particles without collision.

The computational cost of BT is calculated by counting the number of pairs
considered. In this case, BT considers all pairs (i, j),

(15) (N“>) _ NOW®-1)

2 2
Thus, the computational expense of BT is O ((N (l))z).

3.3. Simplified Bernoulli Trials (SBT)

The idea of SBT [7] is to reduce the computational expenses of BT by limiting the
possible collision partners j for each particle i. We begin by linearizing the BT
operator. Within the inner product of (14), make the substitution for each fixed i,

(16) A; = wy(Ty = 1),
which yields
(17) XS [1+ Atwy (Tyy = 1)] = TS [1 + AtAy].

Expand (17) and distribute the terms, collecting by the power of At
)
(18)  TTSiall + AtAy] = U + AtA ) + AtAyy,) - (I + AtAyw) =
= (I? + AtAjyq + AtAiy + A2 Ap 1 Aiy) -+ (T + AtAy ) =
O] O]
= IV" 4 At(Ajpr + -+ Ayw) F AEC) + o+ AV ().
Condense (18) with (4), and further simplify
(19) IV 4 At(Apyy + -+ Ayw) + AE2(C) e+ ANV () =
NO
+ At(Ajpr + o+ AN(z)) +0(At?) =1+ Atz. .+1A]- + 0(At?).
j=i
Truncate O (At?) with the same assumption that At? ~ 0

(20) I+ At TN A+ OAED) ~ [+ At TN, 1 A,

Back-substitute (16) into (20) and rearrange:

() (0] O]
@Qn I+ zj-LmAj =1+At zj-LiH wi(Tyy—1)=1- zﬁy:HlAth +

O] ® O]
+ Zy=i+1(AtWij)Tij = (1 - Zy=i+1 AtWU) I+ 2y=i+1(AtWij)Tij-
Replacing the inner sum of (14) with (21) returns the linearized BT operator

@) Ghr(@0) =15 [(1 - 25 Atwyy ) 1+ Z)5 (ewy )Ty |

Here, for each particle i, the possible collision partners j are those occurring
after particle i. As represented by the bounds of the sum,
(23) ie{1,-,NO -1}
(24) jef{i+1,- NV}

The adjustments to partner selection probability require the introduction of a
correction factor (the selection scaling factor). Similarly, the collision action
requires a statistical weight to account for the particles that are disregarded. By
(24), for a given particle i, there are NV — i possible collision partners j. Thus, the
correction coefficient and statistical weight are

N(l)



(25) k=N® i,
1 1
(26) PRaTORE
The key assumption is that
(27) Wl(]exact) 1 (le])
Substituting (27) into (22) gives the Slmphﬁed Bernoulli Trial operator

(28) Gpr(AD) = [T~ 1[(1 27(11)+1 (AtkWu))1+2§V(?+1 (AtkWu)Tu]

(l) O] ®
GSBT(At) - N ! [(1 Zﬁv i+1p (Atkwl])) I+ Z;V i+1p (AtkWU)Tl]]
SBT con51ders i=1to i=N®—1pairs. Thus, SBT has a computation
expense of O(NW — 1)

3.4. Generalized Bernoulli Trials (GBT)

The reduction in particle-pair considerations provided by SBT motivates
generalizing the controlled number of pair considerations. Call this parameter Ngg).
This number is manually chosen and can be fine-tuned to run faster solutions with
relatively similar accuracy. The reduction of particle-pair considerations will
require an additional correction coefficient k', which is obtained by setting the
relation

Nsel <N
(29) 2 127 i1l = lei<jsN(’) 1,

which implies, without loss of generality, the unitless effect of k" of Nge pairs with
jE€E {i +1,--,N (”} is identical to the effect of considering all pairs. The left-hand

side deals with the desired pairs, Ny.. Consider the complement N(¥ — N, which
are the undesired pairs. Then, the desired pairs are identical to the total pairs minus
the undesired pairs. Substituting into the left-hand side of (29) results in

sel wN® [on®- 0} NO-Ngq)-1 DN,
GO K IR EN 1=k [T N 1 -5 (g )|
Expand the right-hand side of (30) by (3)
NO

M-
(€29 lei<jsN(l) 1= {Vl ! j=i+1 1.
Substituting (29) and (31) into (30) yields

OO ND-Ngep)-1/ ND_N M1 N
o) i T e LAY IS it

Simplifying gives

yTIND N(l)_Nse __(NO

(3) k(%) = (5] = (%),
Thus, the correction coefficient for GBT is
Ond_
(34) f'=— D

Nsel(ZN(l)_Nsel_l).
With the identical idea of (27)
(35) wiT e (K kewyy).
Finally, the GBT operator by using (35) in (22)

(36) Ggpr(At) =
se ) )
=TT} 1[(1 —AtY k(k kWU))I +AL Y k(k kwl])Tl]]




3.5. Symmetrized Simplified Bernoulli Trials (SSBT)

Both SBT and GBT consider collision partner candidates “after” particle i. The idea
of symmetry and the consideration of particles “before” provides a more consistent
model by giving equal selection chances.

Symmetric inclusion can be applied because of the commutativity of particle
collision probabilities: w;; = wj;. Meaning, probability can be equivalently
represented by
(37) wy = 2

The transposition in the indices allows the operator to sum over all j # i. This
further implies the correction coefficient for SSBT is

(38) keg=N® —1.
From (37), the probability of collision is approximately
(exact) _ 1 (kK

Over all particles i with all possible partner candidates a distinct j, the SSBT
operator takes the form

o o 1 (k
(40) GSSBT(At) - HN [[1 Zﬁv 1]¢Lk ( > (plj + pjl )]I +
O] 1 (k
+Z§y=1,j¢iks ( > (plj +p}1)) ]

3.6. Symmetrized Generalized Bernoulli Trials (SGBT)

SSBT may also be generalized by setting a number N for the limit of total pair
considerations. To find the correction coefficient, employ the idea of (29)

N O] ® ®
(41) ks Xios Y et 1= 200, 20y jai 1.
Whose relation implies
ND
42 =—
(42) kse =3

Treating the appropriate bounds and plugging (42) with (40) admits

se ) 1 (ksck
43)  Gsrr(A) =, [[1 I G- Ss(pi,-+pﬁ))]1 +

NOD 1 ksgkss
LD N T (T (pij + pji)) Tij]-

4. Results and discussion

4.1. Validation of GBT and SGBT for low Particles Per Cell simulations

The following results were obtained with a particle-per-cell (PPC or N®) of 10 for
GBT and SGBT. Relaxation from initially non-equilibrium [1] to the equilibrium of
argon gas was considered. For various Ngg ranging from 2 to N® —1 =9, the
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simulation time was normalized by SBT and SSBT times at Nge = 9, respectively.
To ensure accuracy, each simulation was conducted with a time step fitted to
maintain Probability Exceed Ratio (WER) [&] within a specified tolerance.

Normalized Simulation Time vs. Ny, for GBT with PPC = 10

—@— Actual Data
------ Normalized Simulation Time

g
o
S

Normalized Simulation Time
=
-1
wt

1.254

1.00 1

New = NO
Fig. 1. Generalized Bernoulli trials for 2 < Nge; < 9

For the GBT simulations, WER was constrained to 0.0015 = 0.0005. GBT at
10 PPC obtained an optimal value at Ngoj =9, which defaulted to SBT. The
maximum obtained value at Ng = 2 yielded a normalized simulation time of
~ 2.683, as shown in Fig. 1.

Normalized Simulation Time vs. N for SGBT with PPC = 10

—8— Actual Data
b | e B e T R s ey Normalized Simulation Time

Normalized Simulation Time

Mg = N

Fig. 2. SGBT for 2 < Ng; < 9

For the SGBT simulations, WER was constrained to 0.0175 + 0.025. GBT at
10 PPC obtained an optimal value at Ngo; = 9, which also defaulted to SSBT. The
maximum obtained value at Ngo; = 2 resulted in a normalized simulation time of
~ 2.099 (Fig. 2).
4.2. Validation of GBT and SGBT for higher Particles Per Cell simulations

The following results were obtained with PPC = 20 for GBT and SGBT. For
various Nggj ranging from 2 to N®® — 1 = 19, the simulation time was normalized
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by SBT and SSBT times at Ny, = 19, respectively. We continue to withhold
accuracy by constraining WER to specified tolerances.

Normalized Simulation Time vs. N, for GBT with PPC = 20

—8— Actual Data
- Normalized Simulation Time

Normalized Simulation Time
— - : v

Nt = N i

Fig. 3. GBT for 2 < Ngg < 19

For the GBT simulations, WER was constrained to 0.0015 £+ 0.0005. Both
Nge) = 17 and Nge) = 18 resulted in faster normalized simulation time to SSBT. In
this case, Nge; = 18 yielded the optimal value, resulting in a normalized simulation
time of =~ 0.974. The simulations achieved a maximum normalized time at Ny = 2
with a value of = 2.763 (Fig. 3).

Normalized Simulation Time vs. Ny for SGBT with PPC = 20
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------ Normalized Simulation Time

2 w w
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2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Net = N0 i
Fig. 4. SGBT for 2 < Ng¢) < 19

For the SGBT simulations, WER was also constrained to 0.0015 £+ 0.0005.
SGBT returned parallel results with the existence of a nontrivial optimal value of
Nge) = 18, which resulted in the minimum normalized computational time of
~ 0.978. The maximum normalized time resulted from Ngo = 2, which yielded a
value of = 3.822 (Fig. 4).

4.3. Influence of PPC by comparison of methods

The data suggest that a higher PPC makes GBT and SGBT more effective. This can
be seen visually: the PPC = 20 plots shown in Figs 1-4 show the normalized
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simulation time axis for a longer period and converge faster than the PPC = 10
plots. This implies that a higher value indicates a lower value for Ny can yield
results comparably fast while maintaining accuracy.

The contrapositive also suggests a noticeable inefficiency for lower values of
Ngep with a higher PPC value. The maximum values for PPC = 20 are consistently
greater than those of PPC = 10. For instance, SGBT with Ngo = 2 obtained a
maximum value of 2.099 for PPC = 10, but a lesser result of 2.763 for PPC = 20.

Intuitively, this is consistent with the fact that more particles tend to allow for
greater approximations in the form of a lesser Ngqj. This may be visually illustrated
by the range of minima and maxima for lower PPC and higher PPC.

4.4. Comparison of optimal Ngg

For GBT and SGBT at PPC = 10, the optimal value for Ng, was 9. This implies
that for lower PPC values, SBT is the more efficient collision-pairing algorithm.
For PPC = 20, GBT and SGBT have an optimal time for Nge; = 18. In line with the
plots, GBT and SGBT become more efficient at higher PPC values.

For GBT, both Ngo = 17 and Ngo = 17 achieved a faster time than SBT.
While SGBT had only its optimal Ny faster than SSBT, the plots show a greater
proportion of cap Nge values with normalized simulation times closer to the
normalization line, with cap N equal to 19 (SSBT).

5. Conclusion

This work is a sequential presentation of the formulation, derivation, and evaluation
of the Bernoulli-Trial (BT) family of collision operator schemes within the Direct
Simulation Monte Carlo (DSMC) framework. The BT approximations, derived
from the general transition operator of the Kac Master equation, provide a rigorous
probabilistic description of a series of collision partner selection schemes that
significantly complement the group of collision algorithms used in DSMC
simulations. The present study was limited to several members of the BT family,
including the Simplified Bernoulli Trials (SBT), Generalized Bernoulli Trials
(GBT), Symmetrized Simplified Bernoulli Trials (SSBT), and Symmetrized
Generalized Bernoulli Trials (SGBT) schemes.

The mathematical derivation is based on the sequential linearization of parts of
the general transition operator, presenting a solution of the Kac Master equation
over a small discrete time step. One important consequence of these approximations
is the creation of collision algorithms that keep the solution accuracy when working
with a small number of particles in cells. In particular, the introduction of the
pair-selection parameter Ny in the generalized formulations allows for decreasing
Nsi and balancing computational efficiency and statistical accuracy while
preserving the statistical consistency of the collision process.

Benchmarked relaxation to equilibrium problem was used to evaluate the
performance of the BT-based algorithms under different Particle-Per-Cell (PPC)
conditions. For low PPC values, the SBT scheme is more efficient than the other
considered algorithms because it minimizes the number of pair evaluations while
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maintaining sufficient accuracy. For higher PPC values, however, the generalized
algorithms — particularly GBT and SGBT — become more preferable because an
appropriate selection of N significantly reduces computational cost without loss of
physical fidelity.

The symmetric collision selection improves the statistical consistency of the
algorithm by allowing particles to interact with neighbours both before and after
their index positions.

The development of the BT family of collision approximating algorithms gives
rise to creating flexible hybrid schemes that combine the best qualities of the
respective schemes for accurate and efficient modeling in time and space of non-
equilibrium gas flows in complex domains. The hybrid approach, combined with an
adaptive computational grid, may expand DSMC applications to a broader range of
large-scale rarefied gas flows without requiring a prohibitively large number of
simulators or computational resources.
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