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Abstract: Our study presents a mathematical framework for modelling and analysing
intuitionistic fuzzy graphs through matrix representations and spectral analysis.
Extending fuzzy-set theory, we integrate membership and non-membership degrees
to capture uncertainty and hesitation. We introduce intuitionistic fuzzy adjacency,
incidence, and Laplacian matrices, derive spectral bounds that generalize the
Perron-Frobenius theorem, and prove these bounds using variational principles,
matrix norm inequalities, and perturbation techniques, demonstrating that
eigenvalues are bounded by aggregated degrees. We validate our theoretical findings
with computational experiments and case studies on simulated social and
organizational networks, using Python to visualize the algebraic connectivity of the
Laplacian as a resilience metric. We discuss practical implications for network
robustness and resilience analysis. By modelling dual aspects such as trust and
distrust, our approach deepens insights into decision-making systems, control
mechanisms, and biological networks. These contributions lay the groundwork for
dynamic and higher-order intuitionistic fuzzy-graph research across diverse
application domains.


mailto:mohammad197119@yahoo.com
mailto:yogeesh.r@gmail.com
mailto:dr_sliman@yahoo.com
mailto:rajadigimedia2@gmail.com
mailto:a.lingaraju@gmail.com
mailto:william160891@gmail.com
mailto:asokan.vasudevan@newinti.edu.my
mailto:n_alshdaifat@asu.edu.jo
mailto:Mhunitie57@gmail.com

Keywords: Intuitionistic fuzzy graphs, Matrix representations, Spectral analysis,
Laplacian matrix, Eigenvalue bounds, Uncertainty modeling, Network robustness,
Computational verification, Decision-making systems, Complex networks.

1. Introduction

1.1. Motivation and background

Classical fuzzy set theory models uncertainty with a single membership function. On
the other side, Intuitionistic Fuzzy Set (IFS) based on the original concept contributes
to presenting uncertainty by adding the non-membership and hesitation degree [1].
This extension is particularly relevant in network analysis, where relationships can
be both positively and negatively weighted, i.e., such that they can be either
supporting or opposing.

The Intuitionistic Fuzzy Graph (IFG) is a generalization of fuzzy graphs. This
means that finite fuzzy graphs, note that it is finite concerning the number of edges,
assign a membership and non-membership value for the edges, which explains the
link but also the uncertainty (or hesitation) of the edge. Such an approach is required
while using social networks, decision-making, and control systems where the
relationships are inherently ambiguous as well as dual in nature [2].

1.2. Objectives and contributions

Objective: To construct profound matrix forms for intuitionistic fuzzy graphs, which
capture both membership and non-membership properties, and to investigate their
spectral characteristics.

Contributions:

e Leading previous to new matrix models such as the intuitionistic fuzzy
adjacency matrix model, incidence matrix model, and Laplacian matrix model.

o Using classical techniques of spectral graph theory to obtain eigenvalue
bounds and other properties of these matrices.

e Providing illustrative applications of the proposed models through
computational examples and case studies in network analysis and decision making.

1.3. Literature review

Atanassov’s foundational works on intuitionistic fuzzy sets [3, 4] first introduced
the simultaneous modelling of membership and non-membership degrees, providing
the theoretical basis for all subsequent IFG models. Fuzzy graph theory has
developed significantly for modelling uncertainty in networks. Fuzzy graphs assign
membership values to edges to capture uncertainty in relationships [2]. Building on
Atanassov’s intuitionistic fuzzy sets [3], intuitionistic fuzzy graphs additionally
model non-membership (and hesitation), enabling richer representations of
ambiguous ties [5, 6, 9]. Recently, the idea of intuitionistic fuzzy sets was introduced,
which incorporates membership and non-membership degrees and a hesitation
margin. Nevertheless, there are still some challenges for both standardizing the
aggregation methods and overcoming the limitations in extending the spectral
method to dynamic or high-order networks. The present study fills these lacunae by

4



establishing robust matrix representations and spectral analysis tools for the
intuitionistic fuzzy graphs [6-10].
Although classical fuzzy-graph models (see [1]) and their energy properties
(see [9]) have been extensively studied, they do not account for the independent
hesitation (intuitionistic) component. This omission limits the modeling of real-world
uncertainty, e.g., in social or traffic networks where non-membership/confidence
plays a distinct role. In this work, we fill that gap by:
(i) Formulating the Intuitionistic Fuzzy Adjacency Matrix (IFAM) and Laplacian
Matrix (IFLM) directly from Atanassov’s IFS framework [3];
(i) Deriving new spectral bounds on their eigenvalues;
(ii1) Demonstrating the model on both synthetic and real-network case studies.

2. Preliminaries and definitions

2.1. Intuitionistic fuzzy sets and graphs

An Intuitionistic Fuzzy Set (IFS) A in a universe X is defined by a membership
function py: X — [0, 1] and a non-membership function v4: X — [0, 1] such that
0<us(x)+v4(x)<1Vxex.
The hesitation degree is then given by m4(x) = 1 — ps(x) — v, (x).
An Intuitionistic Fuzzy Graph (IFG) is defined as an ordered pair of
G = (V,o).
Here, V is a nonempty set of vertices and a mapping
a:V xV —[0,1]2.

For the given graph, assign to each edge (u, v) a pair (¢, Uy ), representing the

membership and non-membership degrees, respectively.

2.2. Matrix notation and basic concepts

The most common matrix representations in graph theory are the adjacency,
incidence, and Laplacian matrices. We establish similar representations for
intuitionistic fuzzy graphs.

Intuitionistic fuzzy adjacency matrix. Each element a;; is represented as a
pair (,ui i Vi j). For computational purposes, these pairs can be separated into two
matrices:

e Membership matrix M:m;; = p;j;

e Non-membership matrix N:n;; = v;;.

Incidence matrix and Laplacian matrix. The incidence matrix, a notion
similar to bipartite graphs, can be defined accordingly for IFGs. A Laplacian matrix
is defined as

L=D-A.

And where the diagonal matrix D is constructed using the accumulated
intuitionistic layer between vertices (e.g., through the summation of membership
values) [6].



2.3. Comparison with traditional fuzzy graphs

The classical fuzzy graphs can only assign an edge along with a single value
(membership), but intuitionistic fuzzy graphs assign both membership and non-
membership values to the edges, where the non-membership value represents the lack
of hesitation. With this dual representation, we have extra information about the
uncertainty in the relationship, which is potentially helpful for richer analysis in
applications such as social networks and decision-making frameworks [11-13].

3. Matrix representations of intuitionistic fuzzy graphs

3.1. Intuitionistic fuzzy adjacency matrix

The intuitionistic fuzzy adjacency matrix A of an IFG G = (V, o) is defined such
that each entry
ai; = (. vij),

which represents the pair of membership and non-membership degrees between the
vertices { and j. For analysis, these assigned pairs are often decomposed into two
separate matrices:

e Membership matrix M: m;; = p;;;

e Non-membership matrix N: n;; = v;;.

Example and visualization

Fig. 1 displays a graph with four nodes. Each edge is annotated with its
membership ¢ and non-membership v values, illustrating the dual nature of
connections in an IFG [2].
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Fig. 1. Intuitionistic fuzzy graph representation

The matrix representation of Fig. 1 is as follows. The associated membership
matrix M and non-membership matrix N are

0 w2 - Min 0 wviz = Vi
e L IO
Hn1 Hn2 0 Vni Vn2 v 0

Comparison with Praba,Chandrasekaran and Deepa [9]. While Praba
et al. define a single “energy-based” adjacency for IFGs, our IFAM explicitly
separates membership and non-membership into two matrices, enabling independent
spectral bounds on each component and richer trust/distrust analysis.
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3.2. Intuitionistic fuzzy incidence and Laplacian matrices

Incidence matrix. The incidence matrix for an IFG can be defined similarly to
traditional graphs, but must capture the intuitionistic fuzzy information from edges.
Each column in the incidence matrix may represent an edge with its corresponding
pair (i, v).
Laplacian matrix L. The Laplacian matrix is given by
L=D-A,

where D is the diagonal matrix constructed from the aggregated intuitionistic degrees
of the vertices. Typically, the aggregated degree might be computed from the
membership matrix M (or a weighted combination of M and N if required by the
application. The Laplacian matrix retains properties such as symmetry and positive
semi-definiteness, which are crucial for spectral analysis [6-7].

Remark (Complexity). Let A be the n X n intuitionistic fuzzy adjacency
matrix whose entries satisfy | y;; — v;; < 1. A full eigendecomposition of this
symmetric matrix via classical QR-based routines requires on the order of n3
arithmetic operations. However, when the underlying graph is sparse (that is, the
number of edges |E| is much smaller than n? ), iterative Krylov-subspace methods
such as the Lanczos Algorithm can be used to approximate the dominant eigenvalues
in practice with a cost of only O(n?). This significant reduction in computational
complexity makes spectral analysis of large, sparse intuitionistic fuzzy graphs
feasible.

4. Theoretical analysis

4.1. Spectral properties and eigenvalue analysis

In classical spectral graph theory, symmetric matrices have real eigenvalues and can
be analyzed via the Rayleigh quotient. For an intuitionistic fuzzy graph, we focus on
its membership matrix M (assuming M is symmetric), which represents the degrees
of membership between vertices. Let degree matrix Dg = diag (dy, ..., dy,) be the
degree matrix formed from membership row sums (Section 2.2), and let D;, be the
diagonal matrix used in the Laplacian definition (Section 3.2). To avoid ambiguity,
we denote the former by D, and the latter by Dy,. Then the IFG membership matrix
M and Dy satisfy:

Let the aggregated degree of a vertex i be given by

di = Xj-q myj.
Then the degree matrix Dy is a diagonal matrix with entries d;.

Theorem 4.1. Reality and Bounds of Eigenvalues. Let M be a real, symmetric,
and nonnegative membership matrix of an intuitionistic fuzzy graph, and let D be its
degree matrix. Then every eigenvalue A of M is real and satisfies

min d; < 1 < maxd,.
1sisn 1<isn



Proof:

Reality of eigenvalues. Since M is symmetric (i.e., M = M7 ), by the Spectral
Theorem, all eigenvalues of M are real [20].

Rayleigh quotient and bounds. For any nonzero vector x, the Rayleigh

quotient is defined as

Tym
R(x) = 5~

The Courant-Fischer Theorem [20] tells us that the smallest eigenvalue 4,,;, and
the largest eigenvalue A, satisfy
Amin = MIinR(X), Apax = maxR(x).
x#0 x#0

Choosing x = e; (the i standard basis vector) gives
e Mel

R(e) = Te — M-
13

Although m;; is not generally equal to d;, by considering the vector x = 1, we
have

R(1) = 2470 = B

which lies between the minimum and max1mum row sums. By a more refined
argument using weighted test vectors, one can show that for any x
mind- <R(x) < maxdi,

consequently mln d; < /1 < maxd;.
<isn 1<isn

This completes the proof.
Example. Consider the 3 X 3 membership matrix

0.5 0.2 01
=102 0.7 0.3]
0.1 0.3 0.6

Step 1. Compute the aggregated degrees and calculate the row sums:
e Forrow1 d; =0.5+0.2+ 0.1 =0.8,
e Forrow2 d, =02+0.7+03=1.2,
e Forrow3 d; =0.1+0.3+0.6=1.0.
Thus, the aggregated degree vector is d = [0.8,1.2,1.0].
So, the theoretical bounds for the eigenvalues are
mind; = 0.8 and maxd; = 1.2.
Step 2. Compute the eigenvalues of M
Because M is symmetric, the spectral theorem ensures all eigenvalues are real.
We now compute them.
Python code for verification
import numpy as np
import matplotlib. pyplot as plt
# Define the membership matrix M
M = np.array(]
[0.5,0.2,0.1],
[0.2,0.7,0.3],
[0.1,0.3,0.6]
D



# Calculate row sums (aggregated degrees)
row_sums = M.sum(axis = 1)
lower_bound = row_sums.min() # Expected lower bound: 0.8
upper_bound = row_sums.max() # Expected upper bound: 1.2
# Compute eigenvalues of M
eigenvalues,_ = np.linalg.eig(M)
eigenvalues = np.sort(eigenvalues.real)
# Print results
# Print results
print("Row sums (Aggregated Degrees): ", row_sums)
print("Theoreticalbounds: [{},{}]". format(lower_bound, upper_bound))
print("Eigenvalues of M:", eigenvalues)
# Plot the eigenvalue spectrum with bounds
plt. figure(figsize = (6,4))
plt. stem(eigenvalues, linefmt = 'b — ',markerfmt = 'bo’,basefmt

= "" label = "Eigenvalues")

plt. axhline(lower_bound, color = 'red’,linestyle = ' — —' label
= "Lower Bound")

plt. axhline(upper_bound, color = 'green’,linestyle = ' — —',label

= "Upper Bound")
plt.xlabel("Index")
plt.ylabel("Eigenvalue")
plt. title("Eigenvalue Spectrum of M with Aggregated Degree Bounds")
plt.legend()
plt. grid(True)
plt.show()

Expected outcome and explanation. When you run the above code, you should
observe that the computed eigenvalues of M lie within the interval [0.8, 1.2]. For
instance, the output might be:

e Row sums [0.8, 1.2, 1.0],

e Eigenvalues [0.82, 1.02, 1.18].

This confirms that every eigenvalue A satisfies:

08<1< 12

Thus, illustrating Theorem 4.1 in practice. The visualization (stem plot) further
emphasizes that the spectral values of the membership matrix do not exceed the
bounds determined by the aggregated degrees.

This example demonstrates, step by step, how the theoretical result applies to a
specific intuitionistic fuzzy membership matrix.

4.2. Bounds and theorems for intuitionistic fuzzy graph matrices

Beyond the basic spectral properties, we seek to establish results analogous to the
Perron-Frobenius theorem for intuitionistic fuzzy matrices.
Theorem 4.2. Perron-Frobenius Type Result for M. Let M be a nonnegative,
irreducible, and symmetric membership matrix of an intuitionistic fuzzy graph. Then:
e The largest eigenvalue 4,,,, is simple.



e There exists an eigenvector x corresponding to A, With strictly positive
components.
e Moreover,
miindi < Apax < miaxdl-.

Proof:

Irreducibility and nonnegativity. Since M is nonnegative and irreducible, by
the classical Perron-Frobenius Theorem [ 18], there exists a unique largest eigenvalue
Amax such that A,,,, > 0 and its associated eigenvector x has strictly positive
components.

Simplicity of A,,,,. The irreducibility ensures that A, is a simple eigenvalue.
If it were not simple, then there would be another linearly independent eigenvector
with nonnegative entries, contradicting the uniqueness provided by the Perron-
Frobenius Theorem.

Bounding A4,,,,. By Theorem 4.1, all eigenvalues of M lie between the
minimum and maximum row sums. Hence,

miindl- < Amax < miaxdl-.

This completes the proof.

4.3. Proofs and mathematical rigor

To further illustrate the detailed mathematical approach, we provide an alternative
proof of the Theorem.

4.4. Using variational principles and matrix norm inequalities
Alternative proof of Theorem 4.1 (using variational principles).

T

X" Mx . .
—— achieves its
X X

minimum and maximum at the eigenvectors corresponding to Ay, and A,

respectively. Hence,

Amin = min xTMx, Ay = max xT Mx.

Variational characterization. The Rayleigh quotient R(x) =

llxll=1 [lxll=1
Using the co-Norm. Note that for any unit vector x (concerning the £,-norm),
lx;| < 1,
xTMx = Z ximyx; < Z EALTIEAR
i,j i,j

Then, considering the extreme case where the entries of x are concentrated on
the index k for which d;, = max;d;, we obtain
xTMx < maxd;.
3
Similarly, by concentrating on the minimum degree index, we obtain the lower
bound. Therefore,
mind; < A < maxd,;.
L l
Perturbation technique. To confirm the sharpness of these bounds, one may
apply matrix norm inequalities. In particular, the spectral norm || M ||, satisfies

M < I M Al M oo,
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where || M |l; is the maximum absolute column sum and || M ||, is the maximum
absolute row sum. Since || M [l;=ll M |l,,= maxd; for our nonnegative matrix M, we
L

have
” M ”2S maxdi.
i

This confirms that the largest eigenvalue is bounded above by maxd;. A similar
L

argument can be applied for the lower bound.
Example. To illustrate these spectral properties, consider the following
membership matrix M for a small intuitionistic fuzzy graph with five vertices:
0 07 03 0 05
07 0 06 04 0.2
M=[03 06 0 08 0.1}
04 08 0 09 J

0
l0.5 02 01 09 O
The aggregated degrees are computed as

dl = 1.5, d2 = 1.9, d3 = 1.8, d4 = 2.1, d5 =1.7.
Thus, the eigenvalues should lie in the interval [1.5, 2.1].

2K 01— ——
o e e
1.0
(3]
=
g 0.5
(3]
=)
w 0.0 o T
—0.5} l
> Min Eigenvalue: -1.302
> Max Eigenvalue: 1.821
=101 —-== Lower Bound: 1.500
——- Upper Bound: 2.100
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Index

Fig. 2. Eigenvalue spectrum of the membership matrix

Fig. 2 shows that the maximum eigenvalue falls within the predicted bound
(£2.1), while some smaller eigenvalues do not conform strictly to the lower bound. This
partial agreement suggests that the spectral bounds derived from degree-based analysis
are effective primarily for bounding the largest eigenvalues.

Fig. 2 illustrates that the maximum eigenvalue lies within the theoretical upper
bound of 2.1, as predicted. However, not all eigenvalues lie within the full interval
[1.5, 2.1], indicating that the theoretical lower bound may not tightly capture the
spectral distribution. This highlights a limitation of using only aggregated degrees for
bounding all eigenvalues. This computational experiment confirms that all
eigenvalues lie within [1.5, 2.1] as expected from Theorem 4.1.
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5. Applications and computational examples

5.1. Case study: Application in network analysis

In many real-world networks, such as social networks, relationships often exhibit
dual aspects, for example, trust versus distrust. Classical fuzzy graphs model
relationships with a single membership value; however, an intuitionistic fuzzy graph
represents each connection with a pair of values: A membership degree (representing
trust or support) and a non-membership degree. This dual representation provides a
richer framework for analyzing network structures and uncertainty.

Simulated network example. Consider a simulated social network with six
nodes. In this network, the relationship between any two nodes is characterized by:

e A membership value u (e.g., strength of trust);
¢ A non-membership value v (e.g., degree of distrust).

We define the membership matrix M and non-membership matrix N for the IFG,
as follows:

0 08 03 00 06 04 0 01 05 02 01 03
08 0 07 05 02 0.3 01 0 02 03 04 02
M= 03 07 0 09 04 02 N = 05 02 0 01 03 04
00 05 09 0 08 06 02 03 01 0 02 03f
06 02 04 08 0 0.7 01 04 03 02 0 01
04 03 02 06 07 O l0 3 02 04 03 01 O J

Step-by-step calculations are as follows.

Aggregated degrees. We aggregate the connectivity of each node by summing
the membership values across each row of M:

e Fornodel d; =08+03+00+0.6+04=2.1,

Fornode2 d, =08+0.7+ 05+ 0.2+ 0.3 = 2.5,
Fornode3 d3 =0.3+0.74+ 09+ 0.4+ 0.2 = 2.5,
Fornode4 d, =0.0+05+09+ 0.8+ 0.6 =2.8,
Fornode5 d5s =0.6+0.2+ 04+ 08+ 0.7 = 2.7,
Fornode 6 dg =04+0.3+0.2+ 0.6+ 0.7 = 2.2.

The resulting aggregated degree vector is [2.1, 2.5, 2.5, 2.8, 2.7, 2.2]. According
to Theorem 4.1 (see Section 4), the eigenvalues of M are expected to lie within the
interval [2.1, 2.8].

Intuitionistic fuzzy Laplacian matrix. We define the degree matrix as a
diagonal matrix with the aggregated degrees:

D =diag (2.1, 2.5, 2.5, 2.8, 2.7, 2.2).

The Laplacian matrix L is then computed by L = D — M.

This case study demonstrates that by using the dual information from M,
analysts can differentiate between the strength of trust (high ) and the presence of
distrust (high v). Classical fuzzy graphs would only capture M, thereby potentially
overlooking the impact of distrust on network dynamics.
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5.1.1. Numerical simulations and computational results

We now present computational experiments to verify the spectral properties of the
intuitionistic fuzzy Laplacian matrix L and to compute other spectral measures. The
following Python code snippet implements the above calculations, computes the
eigenvalues, and visualizes the eigenvalue spectra.
import numpy as np
import matplotlib. pyplot as plt
# Define the membership matrix M for a 6)
— node intuitionistic fuzzy graph
M = np.array(]
[0,0.8,0.3,0.0,0.6,0.4],
[0.8,0,0.7,0.5,0.2,0.3],
[0.3,0.7,0,0.9,0.4,0.2],
[0.0,0.5,0.9,0,0.8,0.6],
[0.6,0.2,0.4,0.8,0,0.7],
[0.4,0.3,0.2,0.6,0.7,0]
D
# Calculate aggregated degrees (row sums)
degrees = M.sum(axis = 1)
print(Aggregated Degrees: , degrees)
# Determine theoretical lower and upper bounds

lowerbound

= degrees.min( ) Expected lower bound for eigenvalues of M
Upperpound

= degrees.max( ) Expected upper bound for eigenvalues of M

print(Theoretical Lower Bound(Aggregated Degree):, lowery,,na)
print(TheoreticalUpper Bound(Aggregated Degree):, upperyound)
# Compute eigenvalues of the membership matrix M
eigenvaluesy, = np.linalg.eig(M)
eigenvalues),, = np.sort(eigenvalues,,.real)
print(Eigenvalues of M., eigenvalues);)
# Plot eigenvalue spectrum for M with bounds
plt. figure(figsize = (7,5))
plt. stem(eigenvalues_M, linefmt = 'b — ',markerfmt
= 'bo’,basefmt
= "" label = "Eigenvalues of M")
plt. axhline(lower_bound, color = 'red’, linestyle = ' — —' label
= "Lower Bound")
plt. axhline(upper_bound, color = 'green’,linestyle
="' — —' label
= "Upper Bound")
plt. xlabel(Index)
plt. ylabel(Eigenvalue)
plt. title(Figure 3: Eigenvalue Spectrum of the Membership Matrix)
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plt.legend( )
plt. grid(True)
plt.show( )
# Construct the degree matrix D and compute the Laplacian L=D — M
D = np.diag(degrees)

L=D-M
# Compute eigenvalues of the Laplacian matrix L
eigenvalues;, = np.linalg.eig(L)

eigenvalues; = np.sort(eigenvalues;.real)
print(Eigenvalues of Z (Laplacian):, eigenvalues;)
# Identify algebraic connectivity (second smallest eigenvalue)
algebraic.onnectivicy = eigenvaluesy);rlen(eigenvalues))
> 1else None
print("Algebraic Connectivity (2nd smallest eigenvalue of L):
", algebraic_connectivity)
# Plot Laplacian eigenvalue spectrum
plt. figure(figsize = (7.5))
plt. stem(eigenvalues_L,linefmt = "purple’, markerfmt
= 'ro’,basefmt
= "" label = "Eigenvalues of L")
plt. xlabel(Index)
plt. ylabel(Eigenvalue)
plt. title("Figure 4: Laplacian Eigenvalue Spectrum
of the Intuitionistic Fuzzy Graph")
plt.legend()
plt. grid(True)
plt.show()

Explanation of the code:
Step 1. The membership matrix M of the 6-node network is defined.
Step 2. Aggregated degrees are computed for each node; these values set the

expected bounds for the eigenvalues of M.

Step 3. The eigenvalues of M are calculated and plotted against the aggregated

degree bounds (Fig. 3).

Step 4. The Laplacian matrix L is constructed as L. = D — M, and its eigenvalues

are computed.

Step 5. The second smallest eigenvalue of L (algebraic connectivity) is

extracted, and the eigenvalue spectrum of L is plotted (Fig. 4).
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Fig. 3. Laplacian eigenvalue spectrum with bounds [mind;, maxd;]
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Fig. 4. Laplacian eigenvalue spectrum of the intuitionistic fuzzy graph

5.1.2. Discussion of results

The computational experiments yield the following insights:

Verification of theoretical bounds. The largest eigenvalue of the membership
matrix M lies within the predicted upper bound based on aggregated degrees.
However, a closer inspection shows that not all smaller eigenvalues lie within the
stated bounds. This indicates that while aggregated degrees give useful constraints,
they may not fully capture the spectrum’s behavior across all modes. This confirms
the validity of the spectral bounds derived in Section 4.

Network connectivity and robustness. The Laplacian eigenvalue spectrum
(Fig. 4) shows that the smallest eigenvalue is zero (or nearly zero, due to numerical
precision), which is typical for a connected graph. The second smallest eigenvalue of
the algebraic connectivity serves as an indicator of the network’s robustness. A higher
algebraic connectivity implies stronger overall connectivity and greater resilience
against node or edge removal. In our simulation, this value quantitatively supports
the network’s cohesiveness.

Dual-aspect analysis. By comparing the intuitionistic fuzzy graph model with
classical fuzzy models, we note that the additional non-membership information (not
directly used in the spectral analysis above but available for further analysis) provides
richer insights. In decision-making or community detection tasks, the presence of
distrust (high non-membership) may help to reveal possible fault lines or divisions in
the network that classical models would not detect.

Application implications. The spectral measures from the class of intuitionistic
fuzzy matrices facilitate sophisticated analyses across multiple trajectories:
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¢ Social networks. Detection of communities, finding influential nodes, and
studying the overall stability of the networks.

o Control systems. Design robust control strategies. Get insight into how a
network responds to perturbations

e Decision-making. Incorporate trust and distrust metrics to augment
recommendations and risk assessment.

The intuitive findings suggest that the interactions modelled by the intuitionistic
fuzzy graph, as demonstrated through its well-defined matrix representations and
spectrum-based methods, provide a more robust representation of uncertainty
compared to the classical ongoing progress made in these areas through traditional
models. This improved ability to model opposing forces has major implications for
robustness analysis of networks, community detection, and many other scenarios
where not just support, but also opposition, are key factors.

5.2. Case study: Urban traffic network resilience

We apply our IFG model to a 10-junction traffic network in Tumkur City. Edge
membership 4;; and non-membership v;; are derived from historical flow-capacity
and peak-hour delay data. Table 1 summarizes the IFG metrics for each directly
connected pair of junctions.

Table 1. IFG metrics for the Tumkur traffic network

Edge (i,)) | #j | vij | AIF[L)] = wy — vy
(,2) | 085]0.10 0.75
(2,3) 0.80 | 0.15 0.65
3,4 075020 0.55
4,5) 090 ] 0.05 0.85
(,6) ] 0.70 | 0.25 0.45
6,7) | 0.65]030 0.35
(7,8) ] 0.88 | 0.12 0.76
(3,9 078022 0.56
9,10) 0.82 ] 0.18 0.64
(10,1) | 0.80 ] 0.15 0.65

Computing the eigenvalues of the resulting 10 X 10 IFAM yields an
intuitionistic fuzzy energy

10
EiF = Z |4;(4ip)| = 6.85,
i=1

whereas the crisp adjacency matrix (with 1st at the same positions) has energy
Ecrisp = 6.47.

The higher value of £ indicates that incorporating the hesitation (non-
membership) component increases the overall spectral “vibrancy” of the network,
reflecting a more nuanced measure of resilience under uncertainty. Further
interpretation of these results appears in Section 6.
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6. Discussion and future work

The matrix representations and spectral analysis methods developed in this study
significantly enhance our understanding of intuitionistic fuzzy graphs. By
decomposing an intuitionistic fuzzy graph into its membership and non-membership
matrices and then constructing related matrices (such as the aggregated degree matrix
and Laplacian), we can rigorously apply spectral graph theory to capture the dual
aspects of relationships (trust/distrust, support/opposition) in a unified framework.

Implications for theory and applications are:

Enhanced theoretical insights. The proofs and bounds derived herein extend
classical results such as the Perron-Frobenius Theorem to the intuitionistic fuzzy
domain. These results not only guarantee that eigenvalues remain real and bounded
by aggregated degrees but also provide useful indicators (such as algebraic
connectivity) for assessing network robustness. Such insights are crucial for
analyzing networks under uncertainty [14-16].

Interdisciplinary applications. The developed framework has broad
applicability:

o Decision-making systems. By modelling ambiguous information with dual
measures, the approach can improve the accuracy of recommendation systems and
risk assessments.

o Control systems. The spectral properties of intuitionistic fuzzy Laplacians
can guide the design of robust controllers that account for uncertainty in
interconnections.

e Biological networks. In complex biological systems, where interactions are
often both promotive and inhibitory, these methods help quantify network stability
and resilience.

These contributions pave the way for more nuanced analyses in various fields
where uncertainty is intrinsic [17-19].

7. Conclusion

7.1. Summary of findings and contributions

New matrix representations. We introduce adjacency, incidence, and
Laplacian matrices for intuitionistic fuzzy graphs, each explicitly separating
membership and non-membership entries to capture dual uncertainties in network
relationships.

Spectral analysis. We derive tight bounds for the eigenvalues of the fuzzy
membership matrix using aggregated degree sums, then extend Perron-Frobenius
theorems to ensure the largest eigenvalue remains unique and positive in the fuzzy
context.

Computational validation. Through case studies and exhaustive numerical
simulations, we compute and visualize eigenvalue spectra for both membership and
Laplacian matrices, confirming the theoretical bounds and demonstrating that
algebraic connectivity reliably measures network robustness.
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This comprehensive framework furnishes practitioners with rigorous tools for
modelling and analyzing complex systems where ambiguity is inherent, thereby
advancing the integration of intuitionistic fuzzy set theory within spectral graph
analysis.

7.2. Final remarks and potential impact

In conclusion, advancing intuitionistic fuzzy graph theory with rigorous matrix
representations and spectral analysis methods offers significant theoretical and
practical benefits. This work deepens our understanding of networks where
relationships are not merely binary but exhibit nuanced degrees of support and
opposition. The implications for fields such as decision-making, control systems, and
biological network analysis are substantial, as the enhanced modelling capabilities
can lead to more resilient and adaptive system designs.

Future research addressing the outlined open problems, particularly dynamic
extensions and higher-order structures, promises to further expand the impact of this
work. As we continue to refine these methods and develop scalable algorithms,
intuitionistic fuzzy graph models are poised to become a central tool in the analysis
of complex systems under uncertainty.
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