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Abstract: In 2020 L. Atanassova has been introduced the new operation  over 

intuitionistic fuzzy sets and over intuitionistic fuzzy pairs. Some of its properties have 

been studied in 2021 from L. Atanassova and P. Dworniczak. In 2021 L. Atanassova 

and P. Dworniczak generated an intuitionistic fuzzy implication by the operation , 

and it has been introduced and some of its basic properties have been described. 

Here, eight modal type of intuitionistic fuzzy implications are generated by the first 

one and some of their properties are discussed. 
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1. Introduction 

Many operations have been introduced over Intuitionistic Fuzzy Sets (IFSs, see  

[1, 2]) and over Intuitionistic Fuzzy Pairs (IFPs, see [4]) and their properties have 

been studied. In [5], the new operation  has been introduced over two IFSs or over 

two IFPs. Some of its properties have been described in [6]. 

In the present research, eight intuitionistic fuzzy implications, which are 

generated by the above-mentioned operation will be defined and some of their 

properties will be discussed. 

2. Preliminaries 

In [4] K. Atanassov, E. Szmidt and J. Kacprzyk called the object ba,  an 

Intuitionistic Fuzzy Pair (IFP), where a, b, a + b  [0, 1].  

mailto:p.dworniczak@wwsse.pl
mailto:l.c.atanassova@gmail.com


 138 

Let everywhere below for IFPs x and y: 

x = ba, , 

y = dc, , 

where a, b, c, d, a + b, c + d  [0, 1]. For the IFPs, in [4] different operations and 

relations are defined. For our aims, we will give the definitions of only three relations 

and one operation: 

x  y  if and only if  a  c and b  d, 

x  y  if and only if  y  x, 

x = y  if and only if  x  y and y  x, 

 x = ab, . 

3. Main results 

The implication from [7] is defined by 

x → y = 
dcba

da

dcba

cb

+++

+

+++

+
,  

for a + b + c + d > 0 and 

0,0 → 0,0  = 
2

1
,

2

1
. 

The (standard) intuitionistic fuzzy modal operators over IFPs (see [3]) are 

x = aa −1, , 

x = bb,1− . 

The intuitionistic fuzzy modal operators of second type over IFPs (see [3]) are 

⊞x = 
2

1
,

2

+ba
, 

⊠x = 
2

,
2

1 ba +
. 

Now, using the logical scheme (see, e.g., [3, 8]) 

(1)    x → y = M1x → M2y, 

where M1, M2  {, }, we define 

x →1 y = x → y = aa −1, → dd ,1− =
2

,
2

2 dada +−−
= 

=
2

,
2

1
dada ++

− , 

x →2 y = x → y = aa −1, → cc −1, =
2

1
,

2

1 caca −++−
, 

x →3 y = x → y = bb,1− → dd ,1− =
2

1
,

2

1 dbdb +−−+
, 
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x →4 y = x → y = bb,1− → cc −1, =
2

2
,

2

cbcb −−+
= 

=
2

1,
2

cbcb +
−

+
. 

For these four new implications, we can prove the following assertions. 

Theorem 1. For every two IFPs x and y  

x →1 y  








→

→

yx

yx

3

2
  x →4 y. 

P r o o f : 

Let the two IFPs x and y be given. Then from the inequalities 

2
1

da +
− 

2

1 ca +−
, 

2

da +


2

1 ca −+
, 

2
1

da +
− 

2

1 db −+
, 

2

da +


2

1 db +−
, 

2

1 ca +−


2

cb +
, 

2

1 ca −+


2
1

cb +
− , 

2

1 db −+


2

cb +
, 

2

1 db +−


2
1

cb +
− , 

it follows the validity of Theorem 1.         □ 

Theorem 2. For every two IFPs x and y 

 x →1  y =  (x →4 y), 

 x →2  y =  (x →3 y), 

 x →3  y =  (x →2 y), 

 x →4  y =  (x →1 y). 

P r o o f : 

We check the first equality and the validity of the rest three equalities is checked 

in the same manner. 

 x →1  y =  ba,  →1  dc,  = ab,  →1 cd , = 

= 
2

,
2

1
cbcb ++

−  =  
2

1,
2

cbcb +
−

+
 =  (x →4 y).                   □ 
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Now, for the scheme (1) we use M1, M2  {⊞, ⊠} and receive the following 

four new intuitionistic fuzzy implications: 

x →5 y = ⊞x → ⊠y = 
2

1
,

2

+ba
→

2
,

2

1 dc +
 = 

=
22

1

2

1

2

22

22

1

2

1

2

2

1

2

1

,
dcba

da

dcba

cb

+
+

+
+

+

+

+
+

+
+

+

+
+

+

=
2

,
2

2

++++

+

++++

++

dcba

da

dcba

cb
, 

x →6 y = ⊞x → ⊞y = 
2

1
,

2

+ba
→

2

1
,

2

+dc
 = 

=
2

1
,

2

1

++++

++

++++

++

dcba

da

dcba

cb
, 

x →7 y = ⊠x → ⊠y = 
2

,
2

1 ba +
→

2
,

2

1 dc +
 = 

=
2

1
,

2

1

++++

++

++++

++

dcba

da

dcba

cb
, 

x →8 y = ⊠x → ⊞y = 
2

,
2

1 ba +
→

2

1
,

2

+dc
 = 

=
2

2
,

2 ++++

++

++++

+

dcba

da

dcba

cb
. 

Now we formulate Theorems 3 and 4 that are proved in the same manner as 

Theorems 1 and 2. They have the following forms. 

Theorem 3. For every two IFPs x and y 

x →5 y  x →6 y = x →7 y  x →8 y. 

Theorem 4. For every two IFPs x and y 

 x →5  y =  (x →8 y), 

 x →8  y =  (x →5 y). 

We check directly the validity of the following equalities: 

1,0 →i 1,0  = 

1 1
,

2 2

3 1
,

4 4

1 3
,

4 4

   for 1, 2, 3, 4, 6, 7,

   for 5,                  

   for 8,                  

i

i

i

 =



=


=

 

1,0 →i 0,0  = 

1 1
,

2 2

2 1
,

3 3

1 2
,

3 3

1, 0 for 1, 3, 5,

for 2,  4,   

for 6, 7,   

for 8,       

i

i

i

i

 =


=


=

 =
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1,0 →i 0,1  = 3 1
,

4 4

1 1
,

2 2

1,0    for 1, 2, 3, 4, 5,        

   for 6, 7,                  

   for 8,                      

i

i

i

 =



=


=

 

0,0 →i 1,0  = 

1 1
,

2 2

2 1
,

3 3

1 2
,

3 3

for 1, 2,       

0, 1 for 3,  4, 8,   

for 5,           

for 6, 7,       

i

i

i

i

 =


=


=

 =

 

0,0 →i 0,0  = 1 1
,

2 2

1,0    for 1, 5,         

   for 2, 3, 6, 7,  

0,1    for 4, 8,          

i

i

i

 =


=


=

 

0,0 →i 0,1  = 

1 1
,

2 2

2 1
,

3 3

1 2
,

3 3

1, 0 for 1, 2, 5,

for 3,  4,   

for 6, 7,   

for 8,       

i

i

i

i

 =


=


=

 =

 

0,1 →i 1,0  = 1 1
, 

2 2

1 3
, 

4 4

0,  1    for 1, 2, 3, 4, 8,

   for 5,                

   for 6, 7,           

i

i

i

 =



=


=

 

0,1 →i 0,0  = 

1 1
,

2 2

2 1
,

3 3

1 2
,

3 3

for 1, 3,       

0, 1 for 2,  4, 8,   

for 5,           

for 6, 7,       

i

i

i

i

 =


=


=

 =

 

0,1 →i 0,1  = 

1 1
,

2 2

3 1
,

4 4

1 3
,

4 4

   for 1, 2, 3, 4, 6, 7,

   for 5,                  

   for 8.                  

i

i

i

 =



=


=

 

Finally we formulate the following assertion that is proved as the above ones. 

Theorem 5. For every two IFPs x and y 

x →5 y  x →1 y  x →4 y  x →8 y. 

For any x let us define the degree of definiteness h(x) (see [1, p. 127], and [2,  

p. 134]) called the accuracy degree also, as follows: 

h(x) = a + b. 
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Then, we can formulate another assertion. 

Theorem 6. For every two IFPs x and y 

h(x)  h(y)  if and only if  x →3 y  x →2 y, 

h(x)  h(y)  if and only if  x →3 y  x →2 y. 

The proofs of this and of the assertions in the next section are in the same manner 

as of Theorem 1. 

4. Negations generated by the new implications 

Following [3] and basing, e.g., on [10], we mention that 

 x = x → 1,0 . 

Therefore, the discussed in the paper implications generate the following 

negations: 

0 x = x → 1,0  = 
1

1
,

1 ++

+

++ ba

a

ba

b
, 

1 x = x →1 1,0  = 
2

1
,

2

1 +− aa
, 

2 x = x →2 1,0  = 
2

1
,

2

1 +− aa
, 

3 x = x →3 1,0  = 
2

1,
2

bb
− , 

4 x = x →4 1,0  = 
2

1,
2

bb
− , 

5 x = x →5 1,0  = 
3

1
,

3

2

++

+

++

+

ba

a

ba

b
, 

6 x = x →6 1,0  = 
3

2
,

3

1

++

+

++

+

ba

a

ba

b
, 

7 x = x →7 1,0  = 
3

2
,

3

1

++

+

++

+

ba

a

ba

b
, 

8 x = x →8 1,0  = 
3

3
,

3 ++

+

++ ba

a

ba

b
. 

Theorem 7. For each IFP x 

5 x  6 x = 7 x  8 x, 

5 x  1 x = 2 x  0 x  3 x = 4 x  8 x. 

5. The new implications and the axioms of G. Klir and B. Yuan 

G. K l i r  and B. Y u a n  [9] have defined nine axioms for fuzzy implication. K. 

A t a n a s s o v  [3] pre-formulated them for the case of intuitionistic fuzziness. 
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Let  

O* = 1,0 , 

E* = 0,1 . 

The IFP is an Intuitionistic Fuzzy Tautology (IFT) if and only if a  b. 

G. Klir and B. Yuan’s axioms are: 

Axiom A1 ( x, y)( if  x  y,  then  ( z)( x → z  y → z ) ),  

Axiom A2 ( x, y)( if  x  y,  then  ( z)( z → x  z → y ) ),  

Axiom A3 ( y)( O* → y = E* ),  

Axiom A4 ( y)( E* → y = y ),  

Axiom A5 ( x)( x → x = E* ),  

Axiom A6 ( x, y, z)( x → (y → z ) = y → (x → z) ),  

Axiom A7 ( x, y)( x → y = E*  if and only if  x  y ),  

Axiom A8 ( x, y)( x → y =  y →  x ),  

Axiom A9   is a continuous function. 

In [3], having in mind the specific forms of the intuitionistic fuzzy implications, 

K. Atanassov modified five of these axioms, as follows: 

Axiom A3* ( y)( O* → y  is an IFT ),  

Axiom A4* ( y)( E* → y  y ),  

Axiom A5* ( x)( x → x  is an IFT ),  

Axiom A7* ( x, y)( if  x  y,  then  x → y = E* ),  

Axiom A8* ( x, y)( x → y =  ( ( y →  x ))). 

Theorem 8. For every three IFPs x, y and z: 

(a) All implications without →8 satisfy Axioms A1, A2, A3* as IFTs, 

(b) Implications →2, →4 satisfy Axiom A4* as a tautology, 

(c) Implications →1, →2 , →3, →5 , →6, →7 satisfy Axiom A5* as a tautology, 

(d) Only implication →5 satisfies Axiom A7* as a tautology, 

(e) All implications satisfy Axioms A9. 

P r o o f : 

(a) Let x, y and z be IFPs and let x  y, i.e., a  c and b  d. Then for Axiom A1 

we obtain: 

x →1 z = 
2

,
2

1
fafa ++

−   
2

,
2

1
fcfc ++

−  = y →1 z. 

On the other hand, for Axiom A4* 

E* →1 y = 
2

1
,

2

1
1

dd ++
− , 

and in spite of 

d
d


+

2

1
, 

for each d  [0, 1], obviously,  

c
d


+
−

2

1
1 , 
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is not always valid, because for c = 0, d < 1 this inequality is not true. Therefore, 

implication →1 does not satisfy Axiom A4*. 

All other assertions are checked similarly.        □ 

5. Conclusion 

In the present paper, new eight intuitionistic fuzzy implications are introduced and 

some of their properties are studied. In a next research, we will check which axioms 

of Klir and Yuan’s , Kolmogorov’s, Lukasiewicz and Tarski’s axiom for implications 

and which intuitionistic logic axioms are valid for the first and the new eight 

implications. 
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